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ABSTRACT

The dynamics of DNNs during gradient descent is described by the so-called
Neural Tangent Kernel (NTK). In this article, we show that the NTK allows
one to gain precise insight into the Hessian of the cost of DNNs. When
the NTK is fixed during training, we obtain a full characterization of the
asymptotics of the spectrum of the Hessian, at initialization and during
training. In the so-called mean-field limit, where the NTK is not fixed during
training, we describe the first two moments of the Hessian at initialization.

1 INTRODUCTION

The advent of deep learning has sparked a lot of interest in the loss surface of deep neural
networks (DNN), and in particular its Hessian. However to our knowledge, there is still no
theoretical description of the spectrum of the Hessian. Nevertheless a number of phenomena
have been observed numerically.

The loss surface of neural networks has been compared to the energy landscape of different
physical models (Choromanska et al.| 2015} |Geiger et al., 2018} [Mei et al., 2018)). It appears
that the loss surface of DNNs may change significantly depending on the width of the network
(the number of neurons in the hidden layer), motivating the distinction between the under-
and over-parametrized regimes (Baity-Jesi et all [2018; |Geiger et all, [2018; [2019)).

The non-convexity of the loss function implies the existence of a very large number of saddle
points, which could slow down training. In particular, in (Pascanu et al., 2014} Dauphin|
, a relation between the rank of saddle points (the number of negative eigenvalues
of the Hessian) and their loss has been observed.

For overparametrized DNNs, a possibly more important phenomenon is the large number of
flat directions (Baity-Jesi et all) 2018). The existence of these flat minima is conjectured
to be related to the generalization of DNNs and may depend on the training procedure
(Hochreiter & Schmidhuber], [1997; [Chaudhari et al., 2016; Wu et al.l [2017)).

In (Jacot et all [2018)) it has been shown, using a functional approach, that in the infinite-
width limit, DNNs behave like kernel methods with respect to the so-called Neural Tangent
Kernel, which is determined by the architecture of the network. This leads to convergence
guarantees for DNNs (Jacot et al., 2018; Du et al., 2019; Allen-Zhu et al., 2018} [Huang &
[Yau, [2019) and strengthens the connections between neural networks and kernel methods
(Neal, [1996; |Cho & Saul| [2009; [Lee et al., 2018)).

Our approach also allows one to probe the so-called mean-field/active limit (studied in
(Rotskoff & Vanden-Eijnden| |2018} |Chizat & Bach| [2018a} [Mei et all, |2018]) for shallow
networks), where the NTK varies during training.

This raises the question: can we use these new results to gain insight into the behavior of
the Hessian of the loss of DNNs, at least in the small region explored by the parameters
during training?
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1.1 CONTRIBUTIONS

Following ideas introduced in (Jacot et al., 2018), we consider the training of L + 1-layered
DNNs in a functional setting. For a functional cost C, the Hessian of the loss RY 3 6 —
C (F®) (9)) is the sum of two P x P matrices I and S. We show the following results for
large P and for a fixed number of datapoints N:

e The first matrix I is positive semi-definite and its eigenvalues are given by the
(weighted) kernel PCA of the dataset with respect to the NTK. The dominating
eigenvalues are the principal components of the data followed by a high number
of small eigenvalues. The “flat directions” are spanned by the small eigenvalues
and the null-space (of dimension at least P — N when there is a single output).
Because the NTK is asymptotically constant (Jacot et al.,|2018), these results apply
at initialization, during training and at convergence.

e The second matrix S can be viewed as residual contribution to H, since it vanishes
as the network converges to a global minimum. We compute the limit of the first
moment Tr (S) and characterize its evolution during training, of the second moment
Tr (32) which stays constant during training, and show that the higher moments
vanish.

e Regarding the sum H = [+ .5, we show that the matrices I and S are asymptotically
orthogonal to each other at initialization and during training. In particular, the
moments of the matrices I and S add up: tr(H*) = tr(I*) + tr(S*).

These results give, for any depth and a fairly general non-linearity, a complete description of
the spectrum of the Hessian in terms of the NTK at initialization and throughout training.
Our theoretical results are consistent with a number of observations about the Hessian
(Hochreiter & Schmidhuber], [1997; Pascanu et al., |2014; Dauphin et al., |2014; |(Chaudhari|
let al., [2016; Wu et al., [2017}; [Pennington & Bahri, 2017} (Geiger et al 2018), and sheds a
new light on them.

1.2 RELATED WORKS

The Hessian of the loss has been studied through the decomposition I + .S in a number of
previous works (Sagun et al.| 2017; Pennington & Bahri, 2017 |Geiger et all [2018)).

For least-squares and cross-entropy costs, the first matrix I is equal to the Fisher matrix
(Wagenaar], [1998} [Pascanu & Bengiol [2013]), whose moments have been described for shallow
networks in (Pennington & Worah, 2018)). For deep networks, the first two moments and the
operator norm of the Fisher matrix for a least squares loss were computed at initialization
in (Karakida et al., 2018) conditionally on a certain independence assumption; our method
does not require such assumptions. Note that their approach implicitly uses the NTK.

The second matrix S has been studied in (Pennington & Bahril [2017; |Geiger et al., 2018)
for shallow networks, conditionally on a number of assumptions. Note that in the setting of
(Pennington & Bahri, [2017)), the matrices I and S are assumed to be freely independent,
which allows them to study the spectrum of the Hessian; in our setting, we show that the
two matrices I and S are asymptotically orthogonal to each other.

2 SETUP

We consider deep fully connected artificial neural networks (DNNs) using the setup and
NTK parametrization of (Jacot et al., 2018), taking an arbitrary nonlinearity o € C}}(R)
(i.e. 0 : R — R that is 4 times continuously differentiable function with all four derivatives
bounded). The layers are numbered from 0 (input) to L (output), each containing n, neurons

for ¢ =0,...,L. The P = ZeL;ol (ng + 1) ngy1 parameters consist of the weight matrices

W® e Rm+1xne and bias vectors b¥) € R™+ for £ = 0,...,L — 1. We aggregate the
parameters into the vector § € RY.
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The activations and pre-activations of the layers are defined recursively for an input = € R™0,
setting a(® (z;0) =z :

1
A (2 9) = — WO O (2:0) + 8p©
o x; o' (x; Bv,
(2:6) e (2 0)

oV (z;0) = a(d(”l) (;0)).

The parameter § is added to tune the influence of the bias on trainingﬂ All parameters are
initialized as iid A'(0,1) Gaussians.

We will in particular study the network function, which maps inputs = to the activation of
the output layer (before the last non-linearity):

fo(x) = a®) (x;0).

In this paper, we will study the limit of various objects as ni,...,ny — oo sequentially, i.e.
we first take n; — oo, then ny — 0o, etc. This greatly simplifies the proofs, but they could
in principle be extended to the simultaneous limit, i.e. when n; = ... = ny_; — oco. All
our numerical experiments are done with ‘rectangular’ networks (with nqy = ... =nz_1) and
match closely the predictions for the sequential limit.

In the limit we study in this paper, the NTK is asymptotically fixed, as in (Jacot et al.; 2018;
Allen-Zhu et al., [2018; Du et al., [2019; |Arora et al., 2019; [Huang & Yaul 2019). By rescaling
the outputs of DNNs as the width increases, one can reach another limit where the NTK
is not fixed (Chizat & Bachl |2018ajb; Rotskoft & Vanden-Eijnden) |2018; Mei et al.l 2019)).
Some of our results can be extended to this setting, but only at initialization (see Section
. The behavior during training becomes however much more complex.

2.1 FUNCTIONAL VIEWPOINT

The network function lives in a function space fy € F := [R™ — R"t] and we call the

function F(X) : RP — F that maps the parameters § to the network function fy the
realization function. We study the differential behavior of F(%):

e The derivative DF(M) € R ® F is a function-valued vector of dimension P. The
p-th entry D, F (L) = Oy, fo € F represents how modifying the parameter 6, modifies
the function fp in the space F.

e The Hessian HFL) € RP @ R @ F is a function-valued P x P matrix.

The network is trained with respect to the cost functional:

1
C(f) = N Zci (f(@))
i=1

for strictly convex c¢;, summing over a finite dataset z1,...,zx € R™ of size N. The
parameters are then trained with gradient descent on the composition C o F(F), which defines
the usual loss surface of neural networks.

In this setting, we define the finite realization function Y(*) : R — RN™L mapping
parameters 6 to be the restriction of the network function fy to the training set y;x = fo,x(z:)-

The Jacobian DY () is hence an Nny x P matrix and its Hessian HY (Y) isa P x P x Nnj,
tensor. Defining the restricted cost C(y) = % Y, ¢i(y;), we have Co F(1) = C o y (&),

For our analysis, we require that the gradient norm ||DC/|| does not explode during training.
The following condition is sufficient:

Definition 1. A loss C : R¥"2 — R has bounded gradients over sublevel sets (BGOSS) if
the norm of the gradient is bounded over all sets U, = {Y € RN"2 : C(Y) < a}.

For example, the Mean Square Error (MSE) C(Y) = 5% [|[V* — Y ||? for the labels Y* € RNz

has BGOSS because ||[VC(Y)|* = + Y — Y||> = 2C(Y). For the binary and softmax
cross-entropy the gradient is uniformly bounded, see Proposition [2in Appendix [A]

In our experiments, we take 8§ = 0.1.
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2.2 NEURAL TANGENT KERNEL

The behavior during training of the network function fy in the function space F is described
by a (multi-dimensional) kernel, the Neural Tangent Kernel (NTK)

P
O (w,2") =" By, fo.(x)0s, four ().
p=1

During training, the function fy follows the so-called kernel gradient descent with respect to
the NTK, which is defined as

N
1
O fory(@) = =Vew Cp,, (z) = -5 Z 2 (z,2:)Vei(for) (24))-
i=1
In the infinite-width limit (letting ny — oo, ...,nr_1 — oo sequentially) and for losses with

BGOSS, the NTK converges to a deterministic limit ©(*) — o) » 1d,, , which is constant
during training, uniformly on finite time intervals [0,T] (Jacot et al., 2018]). For the MSE
loss, the uniform convergence of the NTK was proven for T'= oo in (Arora et al.l [2019)).

The limiting NTK 0 . R™ x R™ — R is constructed as follows:
1. For f,g : R — R and a kernel K : R™ x R"™ — R, define the kernel Lfgg :
R™ x R™ — R by

L3 (20, 21) = E(ag,ar) [f (a0)g(a1)] .
for (ag,a1) a centered Gaussian vector with covariance matrix (K (z;,z;))

f =g, we denote by L{( the kernel ]L{{’f .

ij=0.1" For

2. We define the kernels 25@ for each layer of the network, starting with 2&?(930, x1) =
Uno(xfx1) + 8% and then recursively by »(HD — ]L;(Z) +p%, fort=1,...,L -1,
where o is the network non-linearity. b

3. The limiting NTK 6(%) is defined in terms of the kernels Eé@ and the kernels
(£ & .
£ =L
L
ol = 3 sORE | 50
=1

The NTK leads to convergence guarantees for DNNs in the infinite-width limit, and connect
their generalization to that of kernel methods (Jacot et al., |2018; |Arora et al.| [2019).

2.3 GRAM MATRICES

For a finite dataset x1, ..., 2y € R™ and a fixed depth L > 1, we denote by © € RNmxNnw
the Gram matrix of x1,...,zy with respect to the limiting NTK, defined by

Ok jm = OL) (i, 2;) O
It is block diagonal because different outputs k # m are asymptotically uncorrelated.
Similarly, for any (scalar) kernel K& (such as the limiting kernels zgﬁ), A[()g), Tgﬁ), q)éﬁ), Eg)

introduced later), we denote the Gram matrix of the datapoints by K.

3 MAIN THEOREMS

3.1 HESSIAN AS [+ S

Using the above setup, the Hessian H of the loss C o FX) is the sum of two terms, with the
entry Hp , given by
Hp,p/ = Hclfe (89pF, 69p/F) =+ DCW (891”9?/ F)
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For a finite dataset, the Hessian matrix H (C o Y(L)) is equal to the sum of two matrices
T
1= (DY) HCDY™) and S =VC - HY®

where DY (1) is a Nnj, x P matrix, HC is a Nny, x Nny, matrix and HY &) isa P x P x Nny,
tensor to which we apply a scalar product (denoted by -) in its last dimension with the Nnjp,
vector VC' to obtain a P x P matrix.

Our main contribution is the following theorem, which describes the limiting moments
Tr (H’“) in terms of the moments of I and S:

Theorem 1. For any loss C with BGOSS and o € CH(R), in the sequential limit ny; —
00, ...,np_1 — 00, we have for all k > 1

Tr (H (t)k) ~ Tr (1 (t)k) + T (S (t)k> .

The limits of Tr (I (t)k) and Tr (S (t)k) can be expressed in terms of the NTK @&é), the
kernels ng), E(og) and the non-symmetric kernels <I>(O£), Ag) defined in Appendix @:

e The moments Tr (I (t)k> converge to the following limits (with the convention that

lhy1 = 11):

Tr (I (t)k> — Tr ((HC(Y (t))(:)) ’“) = % ' i ﬁ Célm (foe) (ﬂ%m))@%) (Tim > Tigy1)-

11 yeesip=1m=1

e The first moment Tr (S (t)) converges to the limit:
Tr (S (1)) = (G(t)" VC(Y (1)).

At initialization (G(0),Y(0)) form a Gaussian pair of Nny-vectors, independent
for differing output indices k = 1,...,ny, and with covariance E[G;;(0)G(0)] =
5%,5&5)(@,@/) and E[G;(0)Y; (0)] = 5kk/¢>£§) (zi,24) for the limiting kernel
2’ (x,y) and non-symmetric kernel @g)(:c, y). During training, both vectors follow
the differential equations

,G(t) = —AVC(Y (1))
Y (t) = —OVC(Y (1)).

o The second moment Tr (S (t)2> converges to the following limit defined in terms of

the Gram matriz T :

Tr (S%) — (VC(Y (1)) TVO(Y (1))
o The higher moments Tr (S (t)k) for k > 3 vanish.

Proof. The moments of I and S can be studied separately because the moments of their sum
is asymptotically equal to the sum of their moments by Proposition [5| below. The limiting
moments of I and S are respectively described by Propositions [I] and [4] below. O

In the case of a MSE loss C(Y) = 54 [V — Y~ ||?, the first and second derivatives take simple

forms VC(Y) = % (Y = Y*) and HC(Y) = 1-Idny, and the differential equations can be
solved to obtain more explicit formulae:
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Figure 1: Comparison of the theoretical prediction of Corollary [1] for the expectation of the
first 4 moments (colored lines) to the empirical average over 250 trials (black crosses) for a
rectangular network with two hidden layers of finite widths ny = ng = 5000 (L = 3) with the
smooth ReLU (left) and the normalized smooth ReLU (right), for the MSE loss on scaled
down 14x14 MNIST with N = 256. Only the first two moments are affected by S at the
beginning of training.

Corollary 1. For the MSE loss C and o € C{}(R), in the limit nq1,...,np_1 — 00, we have
uniformly over [0,T

Tr (1)) T (68) + T (S(0))

where

Tr (S(t)?) %m(y* — Y (0)Te O YTe O (Y* — Y(0))
Tr (S(t)*) =0 when k > 2.

In expectation we have:

E[Tr (S(t))] — — %TT ((IdNnL + e_té) O AT 1© (f) + Y*Y*T>) + %TT (e‘tééT>

E [Tr (S()?)] —>N2Tr< Tt (B4 vy T)).

Proof. The moments of I are constant because HC = %I dpnn, is constant. For the moments
of S, we first solve the differential equation for Y (¢):

Y(t)=Y* —e Y - Y(0)).

Noting Y (t) — Y(0) = —© fg VC(s)ds, we have
G(t) _A / V(s

= G(0) + A0~ (Y (t) — Y (0))
— G(0) + A1 (IdNnL + e_té) (Y* — Y(0))

The expectation of the first moment of S then follows. O
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3.2 MuTUuAL ORTHOGONALITY OF I AND S

A first key ingredient to prove Theorem [I] is the asymptotic mutual orthogonality of the
matrices I and S

Proposition (Proposition [5{in Appendix @ For any loss C with BGOSS and o € C(R),
we have uniformly over [0, T

lim -+ lim ||IS]lFr =0.
nrp—1—>00 niy—»oo

As a consequence limy,, | o0 -+ -limy,, 00 Tr ([I + S]k> — [Tr (Ik) + Tr (Sk)] =0.

Remark 1. If two matrices A and B are mutualy orthogonal (i.e. AB = 0) the range of A is
contained in the nullspace of B and vice versa. The non-zero eigenvalues of the sum A + B
are therefore given by the union of the non-zero eigenvalues of A and B. Furthermore the

moments of A and B add up: Tr ([A + B]k) = Tr (A¥F) + Tr (BF). Propositionshows that
this is what happens asymptotically for I and S.

Note that both matrices I and S have large nullspaces: indeed assuming a constant width
w=mny = ..=ng_1, we have Rank(I) < Nny and Rank(S) < 2(L — 1)wNny (see
Appendix |C]), while the number of parameters P scales as w? (when L > 2).

Figure [2] illustrates the mutual orthogonality of I and S. All numerical experiments are done
for rectangular networks (when the width of the hidden layers are equal) and agree well with
our predictions obtained in the sequential limit.

3.3 MEAN-FIELD LIMIT

For a rectangular network with width w, if the output of the network is divided by v/w and
the learning rate is multiplied by w (to keep similar dynamics at initialization), the training
dynamics changes and the NTK varies during training when w goes to infinity. The new
parametrization of the output changes the scaling of the two matrices:

1 1

wI + \/ES'

The scaling of the learning rate essentially multiplies the whole Hessian by w. In this setting,
the matrix 7 is left unchanged while the matrix S is multiplied by v/w (the k-th moment of
S is hence multiplied by w"/ 2). In particular, the two moments of the Hessian are dominated
by the moments of S, and the higher moments of S (and the operator norm of S) should
not vanish. This suggests that the active regime may be characterised by the fact that
[IS||7 > ||I]|r- Under the conjecture that Theorem [1| holds for the infinite-width limit of
rectangular networks, the asymptotic of the two first moments of H is given by:

Y yaTr (H) — N(0,VCTEVO)
YwTr (H?) = VCTYVC,
where for the MSE loss we have VC = —Y™.

1 1 T 1
vy = = (L) (L) 4 _— ) (L) —
H [C (\/EY )] " (DY ) HCDY '™ + \/EVC HY

3.4 THE MATRIX S

The matrix S = VC - HY () is best understood as a perturbation to I, which vanishes as
the network converges because VC' — 0. To calculate its moments, we note that

P T
Tr (vc : HY(L)) - (; agg) ve =GTve,

where the vector G = kazl 92,Y € RN" is the evaluation of the function gg(z) =
p

kazl 932 fo(x) on the training set.
p
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For the second moment we have

Tr ((VC~’HY(L))2> =vcT ZP: %R, Y (agpgp,Y)T vC = VveTTve

p,p'=1

- T
for T the Gram matrix of the kernel Y(X)(z,y) = 327 83}791), fo(x) (8§p0p, fg(y))

p,p'=1

The following proposition desribes the limit of the function gs and the kernel T(*) and the
vanishing of the higher moments:

Proposition (Proposition [4in Appendix [C)). For any loss C with BGOSS and o € C(R),
the first two moments of S take the form

Tr (S(t)) = G(t)TVC(t)
Tr (S(t)%) = VO ()Y (t)VC(t)

- At initialization, go and fo converge to a (centered) Gaussian pair with covariances
Elgo 1 (x) g0, ()] = S EL (w, ')
Elgo.x () fo1 (2')] = Sk @2 (2, 2)

Elfo 1 (z) four (2')] = 01 28 (w, 2)
and during training gg evolves according to

N
0rgo.k(x) = Z AB (2, 23)0,C (Y (1))

- Uniformly over any interval [0,T], the kernel YY) has a deterministic and fized limit

limy,, ;oo limp, 0o Tﬁ? (x,2') = m&réﬁ) (x,2") with limiting kernel:

L—1
T(Og)(x, x') = (@g@(m, w’)2i(()@ (x,2") + 2@&?(3:, x’)if}? (z, x’)) SED (2" - Eg_l)(x, x').
1

~
Il

- The higher moment k > 2 vanish: lim,,, | oo -+ limy, 00 Tr (Sk) = 0.

This result has a number of consequences for infinitely wide networks:

1. At initialization, the matrix S has a finite Frobenius norm ||S||i1 = Tr(5?) =

VCOTYVC, because Y converges to a fixed limit. As the network converges, the
derivative of the cost goes to zero VC(t) — 0 and so does the Frobenius norm of S.

2. In contrast the operator norm of S vanishes already at initialization (because for all
even k, we have [|S]|,, < {/Tr(S*) — 0). At initialization, the vanishing of S in
operator norm but not in Frobenius norm can be explained by the matrix S having
a growing number of eigenvalues of shrinking intensity as the width grows.

3. When it comes to the first moment of S, Proposition [d] shows that the spectrum of
S is in general not symmetric. For the MSE loss the expectation of the first moment
at initialization is

E[Tr(S)] =E[(Y - Y*)TG] =E[Y7G] — (v*)"E[G] = Tr (é) —0

which may be positive or negative depending on the choice of nonlinearity: with a
smooth ReLU, it is positive, while for the arc-tangent or the normalized smooth
ReLU, it can be negative (see Figure [1f).

This is in contrast to the result obtained in (Pennington & Bahri, 2017} (Geiger et al.|
2018) for the shallow ReL.U networks, taking the second derivative of the ReLLU to
be zero. Under this assumption the spectrum of S is symmetric: if the eigenvalues
are ordered from lowest to highest, A; = —Ap_; and Tr(S) = 0.
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Figure 2: Illustration of the mutual
orthogonality of I and S. For the 20
first eigenvectors of I (blue) and S

Figure 3: Plot of the loss surface around a global mini-
mum along the first (along the y coordinate) and fourth
(orange), we plot the Rayleigh quo- (x coordinate) eigenvectors of I. The network has L = 4,

orang 77 pd Tg y th ! 3 width ny = ny = ng = 1000 for the smooth ReLU (left)
tients v”Jv and v* Sy (wit — 7 and the normalized smooth ReLU (right). The data is
ny = ngz = 1000 and the normal- uniform on the unit disk. Normalizing the non-linearity

Kfed— R265IéU O\I;V 14X14t}iv[t}\glslT dV,VIth greatly reduces the narrow valley structure of the loss
= ). e see that the direc- 4 ¢ sheeding up training.

tions where I is large are directions
where S is small and vice versa.

These observations suggest that S has little influence on the shape of the surface, especially
towards the end of training, the matrix I however has an interesting structure.

3.5 THE MATRIX [

At a global minimizer 8*, the spectrum of I describes how the loss behaves around 6*. Along
the eigenvectors of the biggest eigenvalues of I, the loss increases rapidely, while small
eigenvalues correspond to flat directions. Numerically, it has been observed that the matrix
I features a few dominating eigenvalues and a bulk of small eigenvalues (Sagun et al., [2016;
[2017; |Gur-Ari et all, 2018} [Papyan) 2019). This leads to a narrow valley structure of the loss
around a minimum: the biggest eigenvalues are the ‘cliffs’ of the valley, i.e. the directions
along which the loss grows fastest, while the small eigenvalues form the ‘flat directions’or
the bottom of the valley.

Note that the rank of I is bounded by Nnj and in the overparametrized regime, when
Nnyp < P, the matrix I will have a large nullspace, these are directions along which the
value of the function on the training set does not change. Note that in the overparametrized
regime, global minima are not isolated: they lie in a manifold of dimension at least P — Nnp,
and the nullspace of I is tangent to this solution manifold.

The matrix I is closely related to the NTK Gram matrix:

6 =py® (DY<L>)T and I = (DY<L>)T HODY D).

As a result, the limiting spectrum of the matrix I can be directly obtained from the NTKE'

Proposition 1. For any loss C with BGOSS and o € C}(R), uniformly over any interval
0,7, the moments Tr (I*) converge to the following limit (with the convention that iy =

il):

lim --- lim Tr (Ik) =Tr ((’HC(Y})(:)) k) Z H & (foy( xzm))@gﬁ')(mim,mimﬂ)

nr—1—>00 niy—roo
ir=1m=1

2This result was already obtained in (Karakida et al.l, |2018[), but without identifying the NTK
explicitely and only at initialization.
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k A\ K
Proof. Tt follows from Tr (I*) = Tr (((DY(L))THCDY(L)) ) — Tr <<HC@> ) and the
asymptotic of the NTK (Jacot et al., [2018). O

3.5.1 MEAN-SQUARE ERROR

When the loss is the MSE, HC' is equal to %IdNnL. As a result, © and I have the same
non-zero eigenvalues up to a scaling of 1/n. Because the NTK is assymptotically fixed, the
spectrum of I is also fixed in the limit.

The eigenvectors of the NTK Gram matrix are the kernel principal components of the
data. The biggest principal components are the directions in function space which are most
favorised by the NTK. This gives a functional interpretation of the narrow valley structure in
DNNs: the cliffs of the valley are the biggest principal components, while the flat directions
are the smallest components.

Remark 2. As the depth L of the network increases, one can observe two regimes (Poole
et al.l [2016} |Jacot et al, [2019): Order/Freeze where the NTK converges to a constant and
Chaos where the NTK converges to a Kronecker delta. In the Order/Freeze the Nny x Nnp,
Gram matrix approaches a block diagonal matrix with ny constant blocks, and as a result
ny, eigenvalues of I dominate the other ones, corresponding to constant directions along each
outputs (this is in line with the observations of (Papyan, 2019))). This leads to a narrow
valley for the loss and slows down training. In contrast, in the Chaos regime, the NTK Gram
matrix approaches a scaled identity matrix, and the spectrum of I should hence concentrate
around a positive value, hence speeding up training. Figure [3]illustrates this phenomenon:
with the smooth ReLU we observe a narrow valley, while with the normalized smooth ReLU
(which lies in the Chaos according to (Jacot et all) |2019)) the narrowness of the loss is
reduced. A similar phenomenon may explain why normalization helps smoothing the loss
surface and speed up training (Santurkar et al., [2018}; (Ghorbani et al., [2019)).

3.5.2 Cross-ENTROPY LoOsS

For a binary cross-entropy loss with labels Y* € {—1, +1}¥

1 .
CY) = NZIOQ (1 +e Vi Yi) )
i=1

HC is a diagonal matrix whose entries depend on Y (but not on Y™*):

1 1
 NlteYiges

The eigenvectors of I then correspond to the weighted kernel principal component of the
data. The positive weights W approach 1/3 as Y; goes to 0, i.e. when it is close to
the decision boundary from one class to the other, and as Y; — oo the weight go to zero.
The weights evolve in time through Y;, the spectrum of I is therefore not asymptotically
fixed as in the MSE case, but the functional interpretation of the spectrum in terms of the

kernel principal components remains.

HiC(Y)

4 CONCLUSION

We have given an explicit formula for the limiting moments of the Hessian of DNNs throughout
training. We have used the common decomposition of the Hessian in two terms I and S and
have shown that the two terms are asymptotically mutually orthogonal, such that they can
be studied separately.

The matrix S vanishes in Frobenius norm as the network converges and has vanishing operator
norm throughout training. The matrix [ is arguably the most important as it describes the
narrow valley structure of the loss around a global minimum. The eigendecomposition of I
is related to the (weighted) kernel principal components of the data w.r.t. the NTK.
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A  PROOFS

For the proofs of the theorems and propositions presented in the main text, we reformulate
the setup of (Jacot et all|2018). For a fixed training set x1, ..., xy, we consider a (possibly
random) time-varying training direction D(¢) € R¥"% which describes how each of the
outputs must be modified. In the case of gradient descent on a cost C(Y'), the training
direction is D(t) = VC(Y'(t)). The parameters are updated according to the differential
equation
2:0(t) = (Y (1))" D(1).

Under the condition that fOT ||D(¢)||, dt is stochastically bounded as the width of the network
goes to infinity, the NTK ©(%) converges to its fixed limit uniformly over [0, 7).

The reason we consider a general training direction (and not only a gradient of a loss) is

that we can split a network in two at a layer £ and the training of the smaller network will
be according to the training direction Dy) (t) given by

Dy)(t) = diag (('f (a“) (acl))) (\/%W(Z))T ...diag (('7 (a(L_l)(xi))) (\/%W(L_l))T D;(t)

because the derivatives ¢ are bounded and by Lemma 1 of the Appendix of (Jacot et al.,
2018]), this training direction satisfies the constraints even though it is not the gradient of a
loss. As a consequence, as nq — 00, ..., ng_1 — 0o the NTK of the smaller network ©®) also
converges to its limit uniformly over [0,7T]. As we let ny — oo the pre-activations 071@ and
weights W'Y move at a rate of 1/ /az. We will use this rate of change to prove that other

ij
types of kernels are constant during training.
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When a network is trained with gradient descent on a loss C' with BGOSS, the integral
fOT | D(t)]], dt is stochastically bounded. Because the loss is decreasing during training, the
outputs Y (t) lie in the sublevel set Ug(y (o)) for all times ¢. The norm of the gradient is

hence bounded for all times ¢. Because the distribution of Y(0) converges to a multivariate
Gaussian, b(C(Y(0))) is stochastically bounded as the width grows, where b(a) is a bound

on the norm of the gradient on U,. We then have the bound fOT | D(t)]|, dt <Tb(C(Y(0)))
which is itself stochastically bounded.

For the binary and softmax cross-entropy losses the gradient is uniformly bounded:
Proposition 2. For the binary cross-entropy loss C and any Y € RN, [[VC(Y)|, < =

R
For the softmaxz cross-entropy loss C on ¢ € N classes and any Y € RN¢, |[VC(Y)|, < \/\/?vz
Proof. The binary cross-entropy loss with labels Y* € {0, I}N
1 & ey 1 Y, "
—N;bgm = N;log(l—ke ) -V,
and the gradient at an input ¢ is
1eYi —Y*(1+4e¥
oY) =7 jr(eY-+ :
which is bounded in absolute value by 4 for both Y;* = 0,1 such that |[VC(Y)]|, < \/iﬁ
The softmax cross-entropy loss over ¢ classes with labels Y* € {1, ... c}N is defined by
Zlog - er =5 Zlog (Z e »k) Yiys.
The gradient is at an input 4 and output class m is
D C(Y) = % (eyr” - 5y_*m)
D=1 €V '
which is bounded in absolute value by % such that [|[VC(Y)|, < \/\/?vz O

B PRELIMINARIES

To study the moments of the matrix S, we first have to show that two tensors vanish as
Ny ..., —1 — OQ:

AL, @0, 21,22) = (Vo (20))T Hfo,ky (21)V oy (2)
T ks (@0, 21, 22,24) = (V fog (20))" Hfon (21)H fo,ks (22)V fo.rs (w3).

We study these tensors recursively, for this, we need a recursive definition for the first
derivatives Jy, fp 1 (7) and second derivatives 83p9 ,fo.x(x). The value of these derivatives
P

depend on the layer £ the parameters 6, and 6,/ belong to, and on whether they are connection

(¢

weights w! ,)g or biases b;, ). The derivatives with respect to the parameters of the last layer

are

1 L1
Oy v for (2) = nL—lagn ) (@)

ab,(f*” forr(2) = B

for parameters 6, which belong to the lower layers the derivatives can be defined recursively
by

nr—1

0o, fo.x()

LGl (@) (a0 @) Wi,
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For the second derivatives, we first note that if either of the parameters 6, or 8, are bias of
the last layer, or if they are both connection weights of the last layer, then 8§p9 for(x) =0.
p

Two cases are left: when one parameter is a connection weight of the last layer and the

others belong to the lower layers, and when both belong to the lower layers. Both cases can
be defined recursively in terms of the first and second derivatives of oz,(# D,

ang(Lk)fG,k’(x) = Oy, 6\ ()6 (anL_l)(ﬂU)) Ok’

nr—i

\/ﬁ

~ ~([,— L—
9, 0, Jo.k (2) all=Y(a)e (aﬁf 1)(17)) Wfak Y

nL—1

2)0y,, 6L ()5 (a;f D(z )) W=D,

Using these recursive definitions, the tensors QF+1) and TX+D are given in terms of
G(L),Q(L) and T'™ | in the same manner that the NTK @£+ is defined recursively in terms
of ©) in (Jacot et al., [2018).

Lemma 1. For any loss C with BGOSS and o € C}(R), we have uniformly over [0, T

lim --- lim QF To,T1,2T2) =0
np_1—00 n1—00 ko, kl kz( 051 2)

Proof. The proof is done by induction. When L = 1 the second derivatives agpe for(xz)=0
and Q( )k1 k2(x0,x1,x2) =0.

. . . (¢+1) .
For the induction step, we write Qko Ky koo (20,1, 2) Tecursively as

ny N 00 L (wo,21)0Y) . (21, 22)5 (680 (20))5 (G40 (21))6 (&) (a2)) WD, WO, Wil

mi,ma moko ' miki ' moka
mo,m1,Mm2

_3 YA YA ¢
g N Q0 (o, w1, 22)5 (60 (20))6 (69 (21)) 6 (@D (w2 WD, W W

mo,mi,m2

_ - v~ ~ Y4
ng Y 0 (w0, 21)5 (G0 (20)5 (@Y (1) o (@E) (22)) WD ks

mo,m1
_3 - ./~ Y/~ ?
ng? 3T 0 L (w1, 22)0 (689 (20)) 6 (G (21)5 (G (2)) gty WSs k-
my,ma

As ny,...,ng—1 — oo and for any times t < T, the NTK 0 converges to its limit while Q(©)
vanishes. The second summand hence vanishes and the others converge to

ng YO0 (w0, 21)0W (w1, 22)0 (Al (00))5 (A41) (1))5 (1) (w2) ) Wiiih Wik, Wi

mko ' mky " mka

+ny > 00 (w0, 21)6 (6 (20)5 (640 (1)) (@8 (22)) WS Oy
+ny 2300 (w1, 02)0 (G (0))5 (65 (21)) 6 (G (22) ok, Wian, -

At initialization, all terms vanish as ny — oo because all summands are independent with zero
mean and finite variance: in the n; — oo,...,ny_1 — oo limit, the al )( ) are independent
for different m, see (Jacot et al.l |2018]). Durmg training, the weights W) and preactivations

a®) move at a rate of 1/,/m; (see the proof of convergence of the NTK in (Jacot et al.,|[2018)).
Since ¢ is Lipschitz7 we obtain that the motion during training of each of the sums is of

order n, etz ol Asa result, uniformly over times ¢ € [0, 7], all the sums vanish. O

Similarily, we have
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Lemma 2. For any loss C with BGOSS and o € C}(R), we have uniformly over [0,T]

. . L)
lim --- lim TV To, X1, To,x3) =0
nL_1—00 n1—+00 ko,kl,kz,kg( 0541542, 3)

Proof. The proof is done by induction. When L = 1 the hessian HF() = 0, such that

(L) _
Pk07k17k27k3 (an x1,T2, xS) =0.

For the induction step, I'“*1) can be defined recursively:

L+1
I(cmkl?kz,kS(xO,Il,xg,:Eg)
=0 Y T a0 1,32,2)0 (048 (0))6 () (00)) (0 (w2)) (04 ()

mo,Mm1,MmMmz2,M3

W @ ) o

moko " mik1 " moko ' msks

+ng? Y el (wo,a)QE) L (wr, we, 3) 5 (0l (20)) 6 (0l (1))

mo,m1,Mmz2,ms3

() (x2))6 (B () )W E, Wil with) wih)

moko " mik1 " maoke " msks

+np® Y Q) (e, w1, m0)ON) (w2, w3) 0 (k) (w0))d (b)) (1))

mo,mi,Mmz2,mMm3

5(alE) (x))6 (B () )W, Wikl wih) with)

moko " mik1 " maka ' maks

+nz? > el (wo,21)0)  (w1,22)0) (2, x5)5 (k) (20)) 6 (0l (21))

mo,mi1,Mm2,M3

))é’(a(L)(xg))W(L) W(L) W(L) W(L)

U( ms moko '’ mi1k1 " moks ' m3ks

« Zo
g D Q) (1@ ws)o (@l (20)) 6 () (1)) () (22)) (el (23))

my,mz2,Mms3

il
L)
1

Seun, W, 8

mao kz ms3 k}3

+np? Y O (w1, 220050 L (w,w3)o(aly) (w0))o (ol (21))8 (all) (2)5 (aly) ()

mi,mz,ms

Skoks wE L)

moks " msks

np® Yol (o, m, m)6 (all) (20)) 0 (all) (1)) 6 (all) (w2)) o (alr) (x3))

mo,mi,msa

W(L) W(L) 5k2k3

moko m1k1
+np? Y O (@0, 21)O) L, (21, 22)6 (all) (20))5 (@l (1)) (all) (22))o () (23))
mo,m1,Mm2

W o s

moko mlkl

+ 77‘22 Z 95751),#12 (xlv x2)a(a£r€l1) ('TO))U(OQ(#I) (xl))a(agrfg) (x2))0-(a£7'€2) (x?’))ékokl 67€2k3
mi,m2
g’ YO0 (@o,@)ON) L, (w2, 23)8 (alh) (20)6 (alh) (1)) (aly) (22))5 () (x3))
mo,mi1,m3
L L
WT(I‘LO)koéklkZ W7(n3)k3
As ni,...,ng—1 — oo and for any times t < T, the NTK 0 converges to its limit while Q(©)
and T'® vanishes. Féﬁ;i?kg,kg (20,1, T2, x3) therefore converges to:

+nz2 3" 00 (w0, 21)0L) (21, 22)OL) (22, 23)6 (ol (20)) 5 (alE) (1))5 (P (22)) 6 (oL (23))

) D) ) D)

mko ' mk1 " mka " mks
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+np? YO0 (21, 22)0) (w2, 23)0 () (w0))5 (aly) (21))5 (aly) (22))5 (aly) (23))

S, W D)

ka mk3

172 Y O (20, 21)O8) (w1, 22)6 (0l (20)) () (1)) (@l ()0 (all) (23))

RO

mk‘g mk1

+np? Y O (w1, w2)0(aly) (20))o () (21))6 () (w2)o (@l (3)) Sk, Fray
+np? Y O (wo, 21)OL) (a2, 23)6 (aly) (0))o (ol (21))6 (al (w2))5 (ol (23))

w'L) 5k1k2W(L)

mk}o mk?3

For the convergence during training, we proceed similarily to the proof of Lemma [I} At
initialization, all terms vanish as n; — oo because all summands are independent (after
taking the nq,...,ny,_; — oo limit) with zero mean and finite variance. During training,

the weights W) and preactivations &) move at a rate of 1/ sz which leads to a change of

2+1 —
+/2:nzl.5

order n, , which vanishes for all times t too. O

C THE MATRIX S

We now have the theoretical tools to describe the moments of the matrix S. We first give a
bound for the rank of S:

Proposition 3. Rank(S) <2(n;+...+nr_1)Nng

Proof. We first observe that S is given by a sum of Nnj matrices:

N njp

Sppr = Z Z Ok Cf g, fo.r(x:).

i=1 k=1

It is therefore sufficiant to show that the rank of each matrices H fg i (z) = (agpe , fe’k(xi)>
is bounded by 2(nq + ... + nr).

p,p’

The derivatives g, fo,x(7) have different definition depending on whether the parameter 6,
is a connection weight Wi(f) or a bias b§e):

1
8Wi<;> f@,k(-’L‘) = 7\/n>£a§e) (x; 9)8&;z+1)(z;9)f97k($)

Byo fou(z) = 58(3;“1)(35;0)]09&(55)

These formulas only depend on 6 through the values (agz) (z; 9)) “and (8(1(@)(1.9)1"(9);6(95))

£, K

for £ =1,..., L—1 (note that both ago) (x) = z; and 6&(_L>(z,9)f91k(x) = 0;, do not depend on ).
Together there are 2(ny + ...+ ny_1) of them. As a consequence, the map 6 — (Jg, f97k($i))p
can be written as a composition

0 c RY (az(-e)(l‘;9),ad(e)(m;6)f97k($>)é € RQ(H1+"'+nL’1) — (agpfe)k(.%‘i))p S RY

and the matrix H fy 1 (x) is equal to the Jacobian of this map. By the chain rule, X fg x(x)
is the matrix multiplication of the Jacobians of the two submaps, whose rank are bounded
by 2(ny + ... + nr_1), hence bounding the rank of Hfpr(z). And because S is a sum
of Nny matrices of rank smaller than 2(ny + ... + nr_1), the rank of S is bounded by
2(ny + ...+ np_1)Nng. O
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C.1 MOMENTS

Let us now prove Proposition [4}

Proposition 4. For any loss C with BGOSS and o € C(R), the first two moments of S
take the form

Tr(S(t) = G(t)TVCO(t)
Tr (S(t)%) = VO()" Y (t)VC(t)
- At initialization, g9 and fy converge to a (centered) Gaussian pair with covariances
Elgox (2)go.x ()] = 5 EL (2, 2)
Elgo i (x) fow (1)) = O L (, ")
E(fo.x(x) fou (2)) = O B (2, ")
and during training gg evolves according to

N
Ogo k(x) = Z A(()g) (x,2;)0C (Y (t)).

i=1

- Uniformly over any interval [0,T] where fOT |[VC(t)|l5 dt is stochastically bounded, the kernel

YL has a deterministic and fized limit limy,, oo+ limy, 0o T,(i} (z,2) = 5kk,'r<(>§) (x,2")
with limiting kernel:

L-1
T (z,2") = (@gﬂ)(x, 2?50 (2, 2") + 209 (2, 2') 2O (x, x')) SED (g ) - nETD (2 7).
1

o~
I

- The higher moment k > 2 vanish: lim,, | oo -+ limpy, 500 TT (Sk) =0.

Proof. The first moment of S takes the form
Tr(S) =) (VO H,,Y = (VO)' G
P

where G is the restriction to the training set of the function go(z) = 3_, 33,,% fo(x). This

process is random at initialization and varies during training. Lemma (3| below shows that, in
the infinite width limit, it is a Gaussian process at initialization which then evolves according
to a simple differential equation, hence describing the evolution of the first moment during
training.

The second moment of S takes the form:

P N
TI‘(S2) = Z Z agpl 0po f97k1 ('7:1)8«921)2 01 f9,k2 (xQ)Cgl (xh )ng (xlz)

p1,p2=1141,i2=1

= (ve)y' Tve

L P
where T,(Cl?kg (x1,m2) = zpl’pzzl 83p1,9p2 fok (21)0;

O fo.k,(x2) is a multidimensional ker-

nel and T is its Gram matrix. Lemma [4| below shows that in the infinite-width limit,

Tg?m (z1,x2) converges to a deterministic and time-independent limit Tg )(:vl, 22) 0k, ks -

To show that Tr(S*¥) — 0 for all k > 2, it suffices to show that ||SQHF — 0 as |Tr(S%)| <
||.5’2HF HS||]1€;2 and we know that ||S||» — (8yC)" Ty C is finite. We have that

N nr
HSZHF = Z Z \Ijl(cﬁ,)kl,kz,kg(miuvxil7xizﬁxia)afo,ko(wio)cafe,kl (wil)c

10,t1,%2,13=1 ko,k1,k2,kz=1

18
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8f8,k2 (‘Iiz)cafe,kg (961:3)0

=0 (8y0)**
for U the Nny x Nny x Nny x Nny finite version of
P
L 2 2
\Ijl(co,)kl,kg,kg (Tigs iy s Tiys Tig) = Z 39,,0,9p1f9,ko (950)39,,1,0p2 fo .y (1)

P0,P1,p2,p3=1

9. 0, foa(€2)05 o, fo.ks(@3).
which vanishes in the infinite width limit by Lemma [5] below. O

Lemma 3. For any loss C with BGOSS and o € C}(R), at initialization gg and fy converge
to a (centered) Gaussian pair with covariances

Elgo.1(x)go.u ()] = 0 EL) (w, 2)
Elgo,k () fo.r ()] = S @) (w, 2)
E[fox(x)for (2')] = Opw S (w,27)

and during training gg evolves according to
Brgo(x ZA(L @, ;) Dy(t)

Proof. When L =1, gg(x) is 0 for any x and 6.

For the inductive step, the trace géLkH)(x) is defined recursively as

dem 5 (a0 @) Wi+ T (W fom (@) (V fom(@))T) & (649 (2)) W)

First note that Tr (Vf97m(x) (Vf97m($))T> = @S,%(x, x). Now let ny,..np_1 — o0, by the

induction hypothesis, the pairs (gf()Ln)l, 645,%)) converge to iid Gaussian pairs of processes with

. L e e .
covariance @éo) at initialization.

At initialization, conditioned on the values of gy(nL ), d% ) the pairs (g,(CLH), fo) follow a centered

Gaussian distribution with (conditioned) covariance

- Sk ™ (-
]E[géLkH)( )géfkfl)(m’ﬂgé%,a%)] =L Z (gé’Ln)l(x)a (ag,];)(x)) + 0 (x,x)5 (a(L)(m)))
m=1

(9625 (6P @) + 0B (@ a6 (6P (@)

E[g} (L+1 (@) fo (@ /)|9é,Ln)w5‘£vf)] _ % (gé,L'rBz(I)d (&gf)(x)) + 0 (z,2)5 (d%)(a:))

> )
)

n

Bl (o) oo @)laf 680 = 2 Y o (alf) o) o (D) + 7

nr

™

m=1

As np — o0, by the law of large number, these (random) covariances converge to their

expectations which are deterministic, hence the pairs (g,(CLH)7 for) have asymptotically the

same Gaussian distribution independent of gfnL ), atb,

E (9§ (@950 (@)] = 2D (2, 2')

19
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L L
(962 @ £552 @] = @D (@, 2)

D@50 > oue s (@, 2)

with = )(x ') = @g)(x,x’) =0 and
ECT) (2,2') = E9g'6(a) ()]

E[5(a)5(c)]

B
&\
-

8

®
8

(
(
(z,2')
(e x’)@(”(w’ m’)E [d(a)?'f(o/)] + @ (z, w)@(” (', 2)E [6(a)o ()]
(
(
(

+ 0L (z,2)0L) (2!, ") 2L (z, ")
and
e (2,2") = E[go(a)o(a”)] + O (2, 2)E [§(a)o ()]
= 0 (2,2") 2 (2,2') + (08 (@,2) + O (,2)) E[5(a)(a)]

where (g, ¢, a, @') is a Gaussian quadruple of covariance

= (w,2) ES (z,2) 0% (z,2) @ (x,a)
8 (z,a!) EL () a) o (a,2) oL (2, a')
o (z,2) oL x) B8 (z,2) T (x,a)

During training, the parameters follow the gradient 9,6(t) = (9yY (¢))" D(t). By the
induction hypothesis, the traces gé ., then evolve according to the differential equation

3t99 Z Z A (x,2;)0(a qu,) (2)) (W&L,))T D;(t)

i=1 m=1
and in the limit as nq,...,ny;_1 — 00, the kernel Amm, (z,x;) converges to a deterministic
and fixed limit (5mm/A( )(x x;). Note that as ny, grows, the g(gLn)l( ) move at a rate of 1/\/nz

just like the pre-activations &'l Even though they move less and less, together they affect
the trace g( 1) Wwhich follows the differential equation

atg(L+1 Z Z AkI];/Jrl) zk:’ (t)

=1 k'=1
where
A ) Z AL (o) (60 @) o (a5 @) wBw kL,

mm/

on 3 g @l () (@) & () @) Wi Wi,

mm

#y L@ (30 @) o (406) s

20
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+ % Z U (@ 2,206 (0 ())& (a0 @) ) Wil
L 3 ol (@,2)0h) (z,a)5 (a@@)) & (a;f)(x’)) w By L)

nr ,
m,m

N CRO L CRED R

As ny,..,np_1 — 0o, the kernels @mm, (z,2") and Afmil, (x,2") converge to their limit and
ng)mm(x ,x,x) vanishes:

Afi? ZA(L) z,z') ( )(x)> o <6¢£,f)(33’)> W(L)Wﬁk),
L (L) (O (2. 21 (60 () & () (@)) W& wE
+ g 2 9m (210K (@25 (a2 @) o (a5 @) widwih)
*Zg(“ )5 (a2 (@)) o (a8 (@")) s
il L) (L) N (ad@) s (6L (! L)y (L
+ . ;@OO (x,2)0 (z,a")0 (am (x)) o (am (x )) W Wi
1
- (L) 5 (&L AL (! ,
+ - ;@OO (x,x)0 (am (w)) o (am (x )) Okk
By the law of large numbers, as n;, — oo, at initialization Akk, ( ') — S AL )(x, z')
where
AL, 2') = AL (2, )5 (a,2)

+ 08 (x,2")E[g5 () & ()]
+E[g6 (o) o ()]

+9(L)(x )0 (2,2 R[5 (a) & ()]
Oz, 2)E[6 () o ()]
Oz, 2 )SE (2,27)

O (a,a) (<1><L><m ) (@,0) + 0L (@, 2)E [ () & ()]
+<1><L (z,2")% L+1>( 2’y + &) (2, 2)E [5 (o) o (a')]

) (, )08 (w,2)E [ () & (o)
+@L><x,x> 3 () & ()]

During training 9( ) and A(L) are fixed in the limit nq,..,n;_1 — oo, and the values
géLTZL( ), &Ef)( ) and wh) . vary at a rate of 1/\/az which induce a change of the same rate

to A;i?(z, 2'), which is therefore asymptotically fixed during training as ny, — oco. O

The next lemma describes the asymptotic limit of the kernel T(%)

Lemma 4. For any loss C with BGOSS and o € C}(R), the second moment of the

Hessian of the realization function HEF) converges uniformly over [0,T)] to a fized limit as
ni,...nNr—1 — 0

L—-1
T @,2) = oue Y (0Q(2,2)*80 (@, 2') + 200 (2,220 (w,0/) ) SE D (@,0/) - BED (a,2).
=1
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Proof. The proof is by induction on the depth L. The case L =1 is trivially true because
8§p0 fo.x(x) =0 for all p,p’, k,z. For the induction step we observe that
P

T}(ch)/ (1‘ )

Z 89;»179 fo(x )3gp2,9plfa,k/(x/)

p1,p2=1
LSS 10 e (a2 @) & (al @) wiwih,
mm’ 1
Z L o 2,26 (60 (2)) & (0 @)) Wi WAEL,
mm’ 1
Z L)l 2) (60 () & (a0 (@) W Wi,
m,m’=1

nr,

1 (L) Na@) (ot e (~(L) (L) (L) 11-(L)
+— Y Ol (@ a)el), @25 (a1 () 6 (al) @) WWIR,

L m,m’=1
2
+ 2350 (w06 (6B () & (35 du
nr m=1
if we now let the Width of the lower layers grow to infinity nq,...n;_1 — 0o, the tensor Q%)

vanishes and Tm m and the NTK @f,f, )m, converge to limits which are non-zero only when

m =m/. As a result, the term above converges to
1 & (= (L) (D)
o 2 T )0 (a0 @) ¢ (a5 @) il wil)

o Z O (z,4'5 (alP(x)) & (D) (o)) W WL

2 Z oW (z,2)¢ ( D) (g ))d(d;p(x')) Sron

n
L m=1

At initialization, we can apply the law of large numbers as ny;, — oo such that it converges
to ngﬂ)(x, x")Okx, for the kernel T(ogﬂ)(x, x’) defined recursively by

TED (2, 2") =T E) (2, 2 )2 (2, 2") + O (2, 2/)? S (2, ") + 20 (2, 2" Y 2L (2, 2)
and T (z,2") =0.

For the convergence during training, we proceed similarily to the proof of Lemmal [T} the

activations oz( )(a:) and weights wb) ' move at a rate of 1/\/az and the change to T,(ij'l)

therefore of order 1/mz and vanishes as ny, — 0.

Finally, the next lemma shows the vanishing of the tensor \If,(cﬁ’)khkz,kg to prove that the
higher moments of S vanish.

Lemma 5. For any loss C with BGOSS and o € C}(R), uniformly over [0,T]

lim --- lim g Tios Tiy s LioyLin) =0
NI _1—$00 N1 —00 ko,k1,k2, k3( 20 21y V129 13)

Proof. When L =1 the Hessian is zero and \I/,(;))khk2 ks (Tigs Tiy, Tig, Tiy) = 0.

. . 1 .
For the induction step, we write \Ilfeo';h)kz ks (Tigs Tiy» Ty, Tiy)  Tecursively, because

it contains many terms, we change the notation, writing [mo ml ] for
0 1
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L) To T1 T2 (L) To T1 Ty T3

! Zo,T for Q2 . (%o, 21, 22) and

mo,m1( 05 l)a mo ™mi Mo m07m17mz( 0541 2) mgo M1 M2 M3
(L) (L+1) .

for T'ig,my ma,ms (To, T1, 22, 23). The value Wy "\ (24, iy, Tiy, Tiy) 1s then equal to

nz2 gL

T, M2, T3 (@0, 1, X2, 23)0

D

mo,mi,msz,ms

)7 (@) 7 (#422)

W WD @ )

mok}o mlkl mgkz mgkg
2 [ i) T T T T I3 T3 i) - [ ~(L)
g Z mo My } { mi Mg } ma M3 ] [ m3 Mo ]U (am” (xo))
mo,mi,Mm2,Mm3 -
.. o f ~ .. L L L
o (a(L) (xl)) & (as,fz) (1’2)) o (O‘ni( )) WT;O)]CD Wrsn)kl W’V(nzkz ans)kg
-2 [z =z 2wy | [ s wo . (L) ) ( (L) )
ot S e [ ][ e () o ()
mo,mi,m2,Mm3 - 4 L i
o ~ .. L L L L
& (aE) (e2) ) & (G888 (wa) ) WAL W WAL WA,
+no2 Z 20 a1 | [z 22 m3 | [ 23 w0 | o( (L)(m )) ( (L)(x ))
L mg M mip mz m3 mg Mg 0 !
mo,mi,Mm2,Mm3 - - = - = =
L~ L L L L
o (ag,fz) (xg)) o) ( (L) (xg)) W?glo)k?o Wén)lefm)kQ Wrsls)kg
2 [ i) T 17 T i) T I3 i) 1 - [ ~(L) - [ ~(L)
) mo my || mi mg } { my m3 Mo U( o )) 7 (O‘ml (x1)>
mo,mi,m2,Mm3 - - b i
o f ~ L L L L
7 (a(L) (IQ ) ( ) W”glo)kﬂ W7(nl)kl W7(T712)]€2 W7(713)]€3
_ I T To To I3 ~(L
ot S [ [ [ e (a) s (a8 )
mo,mi1,Mm2,Mm3 -
o~ L L) L L
9 (ag}) (w2 ) ( ) Wr(no)ko Wr(nlklwq(m)kzz Wr(n;;)k;;
5 (20 oz x| [ 22 m3 3o | ) (L)
g Z mo Mm1 M2 m2 m3 Mo U( (x())) ( <x1))
mo,mi1,mz,ms - 4 L i
o ~ L L L L
5 (a8 (e2)) & (@88 () ) Wil W WAL WS,
_ [z T zs | [ = T z1 |
+ng’ Z m11 m22 m?; m33 m?) m11 o ( i (:CO)) o (045,%1) (I1)>
mo,mi,m2,Mm3 - I -
<~ (L) (L) (L) (L)
o (aE) (ea)) & (alE) () ) WL, Wml,ﬁ Wb wi
9 Tog X1 T2 T3 (L) )
Ny Z {mo my me  mg } { } ( v
mo,m1,MmM2,Mm3
L) (L L L
o (580 # (58 )w;oko WL, Wi, W,
o (20 a1 | [ 21 x2 a3 ] (L) (L)
L Z mo My mip Mgz Mg mo U( ( 0>) ( (xl))
mo,mi,mz,ms - 4 L i
.~ L~ L L L L
o (aquz) (xQ)) o (ozﬁ,fg) (atg)) Wr(no)k0 Wr(nl),hVVsM)k2 W;S)ks
2 _£E1 562__132 3 o I1_~ ~(L L
gt | my omg || ma mg omg my |7 (ag’w)(%)) ( ( )(x1)>

mo,mi1,m2,M3

& (6] (e2)) & (a4E) (@)

23

W @ ) o

moko ' miki ' makz " msks
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_92 X9 T3 XT3 Zo ~(L)
+nL Z |: mo M3 :| |: ms3 My m1 :| ¢ (aml (l‘l))
mo,m1,Mm2,M3
o~ (L) (L) (L)
o (Oé,grﬁz) (.’132 ) ( )Wmoko mlkIszkzw’mSks
[ T X 17 x X 1 x x 1 . ~
D VR A | P | Bl M CalE) R Gt
m,mzi,mz - - - - - -
[~ .~ L L
& (645 (02)) & (810 (2) ) Wi, WAL, By
—2 (21 a0 [ 22 3 |[ 23 a0 | ~ L) (L) )
+nL Z m Mo mo M3 ms m J(a ) ( (xl)
m,mso,m3 - - = - - -

5(@(L( )) ((L)(x3)) W;Zkrz mgksékokl

o 2 L L ) s )
o |

o (a0 (22) ) 5 (GS5) (@a)) Wi WAL O

_ _33 X X X X 33_..~ w [ ~
uCp o P | P | R L LD CAR)

m,mo,mi1 -

o (a0 (2) ) & (G40 () ) WAL WAL B

—2 i) I X2 i) I3 . ~(L . ([ ~(L
+nL Z m o mip M2 ma m ] g (Oé,(n)(xo)) 7 (asnl) (xl))

m,mi,ma - - =

5_ (d@)(m)) & (ag,?(x?,)) Wb W s

mik1 " mako

gt X (o m sl s () o (a0 en) o (ae)

m,mo,ms3 - 4L
o = L L)
& (a8 (es) ) WAL, WAL B
_ [0 21 || 22 a3 x | ./~ s
JF”LQ Z m(()) ﬂ% [n’i m33 m% a(agg(xo))o(a%)(xl))
m,ms,mg - g i

.~ .~ L

5 (a0 (w2)) & (@45 () ) WL WAL Bhas
_ X x 17 X X X . ~ w [ ~

+n;? Z ! Wi 370 Llg aﬁ(?(x@)a(aﬁﬁ(xﬂ)

o (D) () & (a0 0)) WL, WILL B,

mgkg m1k1

(
gt X[ [ ] (aen) o (s )

m,mi,mo -
p (d;’,}g(mg)) & (&£,€>(x3) WL WD S,
_ (21 @2 | [ 22 @3 x0 | . (- L
D DR I IR a(agp(xo)) (6P ()
m,maz,ms3 - - - -

5 (a8 (2)) & (8 3)) WL, WEDL i,
LD Y A | m}-m ) (@)

m,ms,mo
L (L
& (a9 (e2) ) & (GLE) () ) WAL WA Bk
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n2 Z To T1 T2 T3 o
L mog mi m m  mg

o (a0 () o (&5,%><xs>) Wi WAty Bt

moko '~ miky

+n® Y ::;2 ;le ;22 ﬁ _d(d(L)(xO)) ( D) 1)) ; <&(L)(z2)) (a(L)(xg))

m,mi,m2 -

—_
<)
/N
Qx

h
N
—
8
=)
SN~—
\/
/-\
f\
£
=
,_.
N
N———

L
W W ok

mlkl m

_ X1 Xy T3 To | . [~ e . -
+ng? Z n”lb m22 m?; 772 G (045,%) (9:0)) G (a%) (xl)) G (agnLQ)(zg)) 1% (ozg;g(xg))
m,mz,m3 - -

wE w5

mo kg ms3 k"g

D DI Il LA CIAEN) EA IR ES G EACEAEN)

m,m3,mo - -

ws w5

moko m3k;3
+n;2m’?;hml { s sz(z) ffjl 72 } & (d(L)(iL’o)) ( (L)(:,;l)) P (a;g)(@)) 5 (dﬁf)(xs))

W W s

mo k‘o ma k‘l

+np? Z { o, } { N } 5 (6P (o)) & (ali (@) & (a4 (@2) & (64 (2s)

Okokr Ok ks
o S [0 [ o (@) o (w0m) o (s8en) o (a2e)
OkoksOky ko

Even though this is a very large formula one can notice that most terms are “rotation of
each other”. Moreover, as ny, ...,nz,_1 — 00, all terms containing either an W), an Q) or

a ') vanish. For the remaining terms, we may replace the NTKs ©(%) by their limit and

(L+1)
as aresult Wy ) 0 (@i, Tiy, Tiy, T4y) converges to

np?y e iﬂoaxl)@%)(ﬂﬂlvwz)@éﬁ)(wzaxs)@éﬁ)(ﬂﬂsvxt))"( o )(950)) ( o )(331))

m

0( (L)(x2)> ( (L) (g 3)> WL W) @) L)

mki " mks "' mks

_2 Z @( (z9,21)© )(:z:l,xg)@( (z2,23)0 (d%) (xo)) o (&g)(zl))

6 (80 (22)) & (640 () ) WL WL B,
+n22Z@g)(ﬂfl,$2)®g)(m2,$3)@(0£‘)(1-37x0)0'—( (L )(330)) ( (L )(w1)>

o (a(L)(5U2)) 1(75)(5”3)) WD W) S,

mko " mks

~2 Z @(L (z9,21)© )(mg,xg)@(L (z3,20)0 (d%)(xon I (&Sf)(ajl))

U( o )($2)) grf)(xs)) W;LIC)OW,%L;CS%I@
ZZ@(L -T(),xl )($1,LE2)@( ($3,SIJO O'( (L) QIJ())) ( (L)( ))

m

& (agp(@)) p (@gp( )> W Wb 5
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+n;? Y O (o, 21)0L) (w2, 23)6 (54%)(360)) & (dgrf) (581))

(3' (d%) (JCQ)) d’ (d%)(zg» 6k0k15k2k3

072 Y O (a1, 22)08 (3, 20)6 (68 (w0)) & (6P (2)

& (dg,f) (mg)) o (a;f)(xs)) Okoks Oy ko

And all these sums vanish as ny — oo thanks to the prefactor 7122, proving the vanishing of

41 . o . .
\112021’),627k3 (Zigs Tiy s Tiy, Tiy) in the infinite width limit.

During training, the activations d% ) (z) and weights WéLLk) move at a rate of 1/,/az which
/

induces a change to WX+ of order nzs * which vanishes in the infinite width limit. O

D ORTHOGONALITY OF [ AND S

From Lemma [2 and the vanishing of the tensor I'X) as proven in Lemma [2| we can easily
prove the orthogonality of I and S of Proposition

Proposition 5. For any loss C' with BGOSS and o € C}(R), we have uniformly over [0, T

lim -+ lim ||IS]|Fr =0.
nr—1—>00 ng—>o0

As a consequence limy,, | o0 -+ limy,, oo Tr ([I + S}k) — [Tr (Ik) + Tr (Sk)] =0

Proof. The Frobenius norm of IS is equal to

15|12 HDY?—[C(DY)T(VC~’HY)H

2
F
P nr

P N
Z Z Z Z 89;,1 fG,/ﬂ (‘rh)czl (‘rh)a@pfa,]ﬂ (xﬁ)agp,&pg f97k2 (xQ)(xi2)C;€2 (ng)

p1,p2=1 \p=Lliy1,ie=1ky,ko=1

N nr,

= > >4 (i1 )€y (@) oy (i )y (Ti) Oy ey (T s Tig )k g kg 1 (T s Ty, Ty, Tiy)
i1,02,1),i5=1 k1 ,ka, Kk} ky=1

and T vanishes as n1,...,n;—1 — oo by Lemma 2]
The k-th moment of the sum Tr (I + 5)" is equal to the sum over all Tr (A; - - - A,) for any

word Aj ... Ay of A; € {I,S}. The difference Tr ([I+ S]k) — [Tr (1*) + Tr (S*)] is hence

equal to the sum over all mixed words, i.e. words A; ... A which contain at least one I and
one S. Such words must contain two consecutive terms A,, A,,+1 one equal to I and the
other equal to S. We can then bound the trace by

[Tr (Av--- Ap)| < [|Adllp - 1 Am—1ll p 1 Am Al p [ Amezllp - - 1Akl 2

which vanishes in the infinite width limit because ||I||, and ||S| are bounded and
|AmAmiillp = [[1S]  vanishes. O
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