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ABSTRACT

Policy gradient methods with actor-critic schemes demonstrate tremendous empir-
ical successes, especially when the actors and critics are parameterized by neural
networks. However, it remains less clear whether such “neural” policy gradient
methods converge to globally optimal policies and whether they even converge at
all. We answer both the questions affirmatively in the overparameterized regime.
In detail, we prove that neural natural policy gradient converges to a globally op-
timal policy at a sublinear rate. Also, we show that neural vanilla policy gradient
converges sublinearly to a stationary point. Meanwhile, by relating the subop-
timality of the stationary points to the representation power of neural actor and
critic classes, we prove the global optimality of all stationary points under mild
regularity conditions. Particularly, we show that a key to the global optimality
and convergence is the “compatibility” between the actor and critic, which is en-
sured by sharing neural architectures and random initializations across the actor
and critic. To the best of our knowledge, our analysis establishes the first global
optimality and convergence guarantees for neural policy gradient methods.

1 INTRODUCTION

In reinforcement learning (Sutton and Barto, 2018), an agent aims to maximize its expected total
reward by taking a sequence of actions according to a policy in a stochastic environment, which
is modeled as a Markov decision process (MDP) (Puterman, 2014). To obtain the optimal policy,
policy gradient methods (Williams, 1992; Baxter and Bartlett, 2000; Sutton et al., 2000) directly
maximize the expected total reward via gradient-based optimization. As policy gradient methods
are easily implementable and readily integrable with advanced optimization techniques such as vari-
ance reduction (Johnson and Zhang, 2013; Papini et al., 2018) and distributed optimization (Mnih
et al., 2016; Espeholt et al., 2018), they enjoy wide popularity among practitioners. In particular,
when the policy (actor) and action-value function (critic) are parameterized by neural networks, pol-
icy gradient methods achieve significant empirical successes in challenging applications, such as
playing Go (Silver et al., 2016; 2017), real-time strategy gaming (Vinyals et al., 2019), robot manip-
ulation (Peters and Schaal, 2006; Duan et al., 2016), and natural language processing (Wang et al.,
2018). See Li (2017) for a detailed survey.

In stark contrast to the tremendous empirical successes, policy gradient methods remain much less
well understood in terms of theory, especially when they involve neural networks. More specifi-
cally, most existing work analyzes the REINFORCE algorithm (Williams, 1992; Sutton et al., 2000),
which estimates the policy gradient via Monte Carlo sampling. Based on the recent progress in non-
convex optimization, Papini et al. (2018); Shen et al. (2019); Xu et al. (2019a); Karimi et al. (2019);
Zhang et al. (2019) establish the rate of convergence of REINFORCE to a first- or second-order
stationary point. However, the global optimality of the attained stationary point remains unclear.
A more commonly used class of policy gradient methods is equipped with the actor-critic scheme
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(Konda and Tsitsiklis, 2000), which alternatingly estimates the action-value function in the policy
gradient via a policy evaluation step (critic update), and performs a policy improvement step using
the estimated policy gradient (actor update). The global optimality and rate of convergence of such
a class are even more challenging to analyze than that of REINFORCE. In particular, the policy
evaluation step itself may converge to an undesirable stationary point or even diverge (Tsitsiklis
and Van Roy, 1997), especially when it involves both nonlinear action-value function approximator,
such as neural network, and temporal-difference update (Sutton, 1988). As a result, the estimated
policy gradient may be biased, which possibly leads to divergence. Even if the algorithm converges
to a stationary point, due to the nonconvexity of the expected total reward with respect to the policy
as well as its parameter, the global optimality of such a stationary point remains unclear. The only
exception is the linear-quadratic regulator (LQR) setting (Fazel et al., 2018; Malik et al., 2018; Tu
and Recht, 2018; Yang et al., 2019a; Bu et al., 2019), which is, however, more restrictive than the
general MDP setting that possibly involves neural networks.

To bridge the gap between practice and theory, we analyze neural policy gradient methods equipped
with actor-critic schemes, where the actors and critics are represented by overparameterized two-
layer neural networks. In detail, we study two settings, where the policy improvement steps are
based on vanilla policy gradient and natural policy gradient, respectively. In both settings, the policy
evaluation steps are based on the TD(0) algorithm (Sutton, 1988). In the first setting, we prove
that neural vanilla policy gradient converges to a stationary point of the expected total reward at a
1/+/T-rate in the expected squared norm of the policy gradient, where T is the number of policy
improvement steps. Meanwhile, through a geometric characterization that relates the suboptimality
of the stationary points to the representation power of the neural networks parameterizing the actor
and critic, we establish the global optimality of all stationary points under mild regularity conditions.
In the second setting, through the lens of Kullback-Leibler (KL) divergence regularization, we prove
that neural natural policy gradient converges to a globally optimal policy at a 1/v/T-rate in the
expected total reward. In particular, a key to such global optimality and convergence guarantees
is a notion of compatibility between the actor and critic, which connects the accuracy of policy
evaluation steps with the efficacy of policy improvement steps. We show that such a notion of
compatibility is ensured by using shared neural architectures and random initializations for both
the actor and critic, which is often used as a practical heuristic (Mnih et al., 2016). To our best
knowledge, our analysis gives the first global optimality and convergence guarantees for neural
policy gradient methods, which corroborate their significant empirical successes.

Related Work. In contrast to the huge body of empirical literature on policy gradient methods,
theoretical results on their convergence remain relatively scarce. In particular, Sutton et al. (2000)
and Kakade (2002) analyze vanilla policy gradient (REINFORCE) and natural policy gradient with
compatible action-value function approximators, respectively, which are further extended by Konda
and Tsitsiklis (2000); Peters and Schaal (2008); Castro and Meir (2010) to incorporate actor-critic
schemes. Most of this line of work only establishes the asymptotic convergence based on stochastic
approximation techniques (Kushner and Yin, 2003; Borkar, 2009) and requires the actor and critic to
be parameterized by linear functions. Another line of work (Papini et al., 2018; Xu et al., 2019a;b;
Shen et al., 2019; Karimi et al., 2019; Zhang et al., 2019) builds on the recent progress in nonconvex
optimization to establish the nonasymptotic rates of convergence of REINFORCE (Williams, 1992;
Baxter and Bartlett, 2000; Sutton et al., 2000) and its variants, but only to first- or second-order
stationary points, which, however, lacks global optimality guarantees. Moreover, when actor-critic
schemes are involved, due to the error of policy evaluation steps and its impact on policy improve-
ment steps, the nonasymptotic rates of convergence of policy gradient methods, even to first- or
second-order stationary points, remain rather open.

Compared with the convergence of policy gradient methods, their global optimality is even less
explored in terms of theory. Fazel et al. (2018); Malik et al. (2018); Tu and Recht (2018); Yang et al.
(2019a); Bu et al. (2019) prove that policy gradient methods converge to globally optimal policies
in the LQR setting, which is more restrictive. In very recent work, Bhandari and Russo (2019)
establish the global optimality of vanilla policy gradient (REINFORCE) in the general MDP setting.
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However, they require the policy class to be convex, which restricts its applicability to the tabular
and LQR settings. In independent work, Agarwal et al. (2019) prove that vanilla policy gradient
and natural policy gradient converge to globally optimal policies at 1/ v/T-rates in the tabular and
linear settings. In the tabular setting, their rate of convergence of vanilla policy gradient depends
on the size of the state space. In contrast, we focus on the nonlinear setting with the actor-critic
scheme, where the actor and critic are parameterized by neural networks. It is worth mentioning
that when such neural networks have linear activation functions, our analysis also covers the linear
setting, which is, however, not our focus. In addition, Liu et al. (2019) analyze the proximal policy
optimization (PPO) and trust region policy optimization (TRPO) algorithms (Schulman et al., 2015;
2017), where the actors and critics are parameterized by neural networks, and establish their 1/ VT-
rates of convergence to globally optimal policies. However, they require solving a subproblem of
policy improvement in the functional space using multiple stochastic gradient steps in the parameter
space, whereas vanilla policy gradient and natural policy gradient only require a single stochastic
(natural) gradient step in the parameter space, which makes the analysis even more challenging.

There is also an emerging body of literature that analyzes the training and generalization error of
deep supervised learning with overparameterized neural networks (Daniely, 2017; Jacot et al., 2018;
Wu et al., 2018; Allen-Zhu et al., 2018a;b; Du et al., 2018a;b; Zou et al., 2018; Chizat and Bach,
2018; Jacot et al., 2018; Li and Liang, 2018; Cao and Gu, 2019a;b; Arora et al., 2019; Lee et al.,
2019), especially when they are trained using stochastic gradient. See Fan et al. (2019) for a detailed
survey. In comparison, our focus is on deep reinforcement learning with policy gradient methods.
In particular, the policy evaluation steps are based on the TD(0) algorithm, which uses stochastic
semigradient (Sutton, 1988) rather than stochastic gradient. Moreover, the interplay between the
actor and critic makes our analysis even more challenging than that of deep supervised learning.

Notation. For distribution 1 on € and p > 0, we define || f(-)||up = (fq, |f[Pdp)/P as the L, ()
norm of f. We define || f(-)||1,00 = inf{C > 0 : |f(x)| < C for p-almost every x} as the L, (u)-
norm of f. We write || f]|,,, for notational simplicity when the variable of f is clear from the

context. We further denote by || - ||,, the Lo (x)-norm for notational simplicity. For a vector ¢ € R™
and p > 0, we denote by |||, the £,-norm of ¢. We denote by = = ([z]],...,[z]})" a vector in

R™4, where [z]; € R is the i-th block of z for i € [m)].

2 BACKGROUND

In this section, we introduce the background of reinforcement learning and policy gradient methods.

Reinforcement Learning. A discounted Markov decision process (MDP) is defined by tuple
(8, A, P,(,r,v). Here S and A are the sets of all possible states and actions, respectively. Mean-
while, P is the Markov transition kernel and r is the reward function, which is possibly stochastic.
Specifically, when taking action a € A at state s € S, the agent receives reward r(s,a) and the
environment transits into a new state according to transition probability P(-|s,a). Meanwhile, ¢
is the distribution of initial state Sy € S and v € (0,1) is the discount factor. In addition, policy
m(a|s) gives the probability of taking action a at state s. We denote the state- and action-value
functions associated with w by V™: § — Rand Q™: S x A — R, which are defined respectively
as

V7(s) = {Zv 7(St, Ay) ‘5025], Vs € S, 2.1)

Q" (s.) = [Zv (Sud) [S=s.d0=a|. Vs esxa @

where Sy ~ ((-), Ay ~ 7w(-|St), and Sy41 ~ P(-| Sy, Ay) for all t > 0. Also, we define the
advantage function of policy 7 as the difference between Q™ and V™, i.e., A™(s,a) = Q7 (s,a) —
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V7™ (s). By the definitions in (2.1) and (2.2), V™ and Q™ are related via

V7™(s) =Ex[Q"(s,a)] = (Q"(s,),7(-|5)),
where (-,-) is the inner product in RMI. Here we write Eqwr(.| 5 [Q7(s,a)] as E;[Q"(s,a)] for
notational simplicity. Note that policy 7 together with transition probability P induces a Markov
chain over state space S. We denote by o, the stationary state distribution of the Markov chain
induced by m. We further define ¢, (s,a) = m(a| s) - 0 (s) as the stationary state-action distribution
over § x A. Meanwhile, policy 7 induces a state visitation measure over S and a state-action

visitation measure over S x A, which are denoted by v and o, respectively. Specifically, for all
(s,a) € S x A, we define

va(s) = (1=7)- ZVt ‘P(St = s), ox(s,a) =(1—7)- Z’Yt P(S; = s, Ay = a),
t=0 t=0
2.3)
where Sy ~ ((-), Ay ~ 7w(-|S¢), and Syp1 ~ P(-| S, A) for all t > 0. By definition, we have
ox(s,a) = w(a|s) - ve(s). We define the expected total reward function J(7) by

J(m)y=(1-~)-E {Z At r(st,At)} =E:[V™(s)] =E,,[r(s,a)], V¥, (2.4)
t=0

where we write B, _[r(s,a)] = E(; q)~o, (., [7(5,a)] for notational simplicity. The goal of re-
inforcement learning is to find the optimal policy that maximizes J(7), which is denoted by 7*.
When state space S is large, a popular approach is to find the maximizer of J(7) over a class of
parameterized policies {mp: 6 € B}, where § € B is the parameter and 5 is the parameter space. In
this case, we obtain the optimization problem maxgpep J(7p).

Policy Gradient Methods. Policy gradient methods maximize J(7g) using VJ(mg). These meth-
ods are based on the policy gradient theorem (Sutton and Barto, 2018), which states that

VoJ(mg) = Eo,, [Q™ (s,a) - Vglogmy(a|s)], (2.5)
where o, is the state-action visitation measure defined in (2.3). Based on (2.5), (vanilla) policy gra-
dient maximizes the expected total reward via gradient ascent. Specifically, we generate a sequence
of policy parameters {6; };c[r) via

9i+1 — 0, + - V@J(T{'gi), (2.6)
where 17 > 0 is the learning rate. Meanwhile, natural policy gradient (Kakade, 2002) utilizes natural
gradient ascent (Amari, 1998), which is invariant to the parameterization of policies. Specifically,
let F'(0) be the Fisher information matrix corresponding to policy 7y, which is given by

T
F(0) =E,,, [V@ logmg(a|s)[Velogmy(als)] } . 2.7

At each iteration, natural policy gradient performs
Oiv1 < Oi+ - F~1(6;) - VoI (m0,), (2.8)

where F~1(0;) is the inverse of F'(6;) and 7 is the learning rate. In practice, both Q™ in (2.5) and
F(6) in (2.7) remain to be estimated, which yields approximations of the policy improvement steps
in (2.6) and (2.8).

3 NEURAL PoLICY GRADIENT METHODS
In this section, we represent my by a two-layer neural network and study neural policy gradient

methods, which estimate the policy gradient and natural policy gradient using the actor-critic scheme
(Konda and Tsitsiklis, 2000).

3.1 OVERPARAMETERIZED NEURAL POLICY

We now introduce the parameterization of policies. For notational simplicity, we assume that S X
A C R? with d > 2 and define z = (s,a) € S x .A. Without loss of generality, we further assume

4
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that ||z]|2 = ||(s,a)|l2 < 1forallz € S x A. A two-layer neural network f(z; W,b) with input
and width m takes the form of

fz; W,b) = % > by -ReLU(z' [W],), VzeSxA (3.1)
r=1

Here ReLU: R — R is the rectified linear unit (ReLU) activation function, which is defined as
ReLU(u) = 1{u > 0} - u. Also, {by},em) and W = ((W]],...,[W];)" € R™ in (3.1)
are the parameters. When training the neural network, we initialize the parameters via [Wipit],» ~
N(0,I4/d) and b, ~ Unif({—1,1}) forall » € [m]. Note that the ReLU activation function satisfies
ReLU(c - u) = ¢- ReLU(u) for all ¢ > 0 and u € R. Hence, without loss of generality, we keep
b, fixed at the initial parameter throughout training and only update W in the sequel. For notational

simplicity, we write f(x; W, b) as f(x; W) hereafter.
Using the two-layer neural network in (3.1), we define

exp [7’ . f((s,a); 0)]
aeacxp[r- f((s,a);0)]"
where f(z;6) is defined in (3.1) with # € R™? playing the role of 1. Note that 7y defined in

(3.2) takes the form of an energy-based policy (Haarnoja et al., 2017), where 7 is the temperature
parameter and f(x;0) is the energy function.

mo(als) =

V(s,a) € S x A, (3.2)

In the sequel, we investigate policy gradient methods for the class of neural policies defined in

(3.2). We define the feature mapping ¢g = ([pg]{ ;- .., [¢s],),) " : R4 — R™4 of a two-layer neural
network f(x;0) as
br T
[Po]r(z) = T 1{z"0], >0} -2, VoxeSxA Vrem) (3.3)

By (3.1), it holds that f(x;60) = ¢g(x) " 6. Meanwhile, f(x;6) is almost everywhere differentiable
with respect to 6, and it holds that Vg f(z;0) = ¢g(x). In the following proposition, we calculate
the closed forms of the policy gradient Vy.J(mp) and the Fisher information matrix F'(#) for g
defined in (3.2).

Proposition 3.1 (Policy Gradient and Fisher Information Matrix). For 7y defined in (3.2), we have

Vod(m0) =7 Eo., |Q7(s,0) - (00(s, @) — B, [00(s, )] )|, (3:4)

T
F(9) = 7% E,., [ (60(s,0) = Er, [00(s.0)] ) (¢0(5,0) = Er, [00(s,0)]) | 35
where ¢y(s,a) is defined in (3.3) with x = (s,a), 7 is the temperature parameter, and

ox, 1s the state-action visitation measure defined in (2.3). Here we write E,, [dg(s,a’)] =
Eq (- | 5)[P0 (s, a’)] for notational simplicity.

Proof. See §H.1 for a detailed proof. O

Since the action-value function Q™ in (3.4) is unknown, to obtain the policy gradient, we use
another neural network to track the action-value function of policy 7y. Specifically, we use a two-
layer neural network Q,,(s,a) = f((s,a);w) defined in (3.1) to represent the action-value function
@™, where w plays the same role as W in (3.1). Such an approach is known as the actor-critic
scheme (Konda and Tsitsiklis, 2000). We call 7y and @), the actor and critic, respectively. We
highlight that in the overparameterized regime where the width of two-layer neural networks m is
large, a shared architecture and random initialization between the actor @), and the energy function
of critic 7y ensures approximate aompatible function approximations. See §B for details.

3.2 NEURAL PoLiCcY GRADIENT METHODS

Now we present neural policy gradient and neural natural policy gradient. Following the actor-critic
scheme, they generate a sequence of policies and action-value functions {(ms,, Qu,) }ic[1]-
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3.2.1 ACTOR UPDATE

As introduced in §2, we aim to solve the optimization problem maxgecp J(mg) iteratively via
gradient-based methods, where B is the parameter space. We set B = {a € R™ : ||a — Winit|2 <
R}, where R > 1 and Wiy is the initial parameter defined in §3.1. For all ¢ € [T, let §; be the
policy parameter at the ¢-th iteration. For notational simplicity, in the sequel, we denote by o; and g;
the state-action visitation measure o, and the stationary state-action distribution ¢, , respectively,
which are defined in §2. Similarly, we write v; = Vo, and g; = Orp, - To update 6;, we set

9i+1 «— Il (9z +n- G(@z) i V@J(?‘(‘gi)), 3.6)
where we define TIz: R™¢ — B as the projection operator onto the parameter space B C R™.
Here G(6;) € R™?*™d s a matrix specific to each algorithm. Specifically, G(6;) is the identity
matrix for policy gradient and G(6;) = F~1(6;) for natural policy gradient, where F'(6;) is the
Fisher information matrix in (3.5). Meanwhile, 7 is the learning rate and @9(] (g, ) is an estimator
of VyJ(my,), which takes the form of

VQJ(TFQ ZQUJL Sg,ag) V@ logm) (az |S¢) (3.7)
=1
Here 7; is the temperature parameter of 7g,, {(s¢, a¢) }¢c|p] is sampled from the state-action visita-
tion measure o; corresponding to the current policy my,, and B > 0 is the batch size. Also, Q,,, is
the critic obtained by Algorithm 2. See §C for the sampling from visitation measures.

Inverting Fisher Information Matrix. Recall that G(6;) is the inverse of the Fisher information
matrix used in natural policy gradient. In the overparameterized regime, inverting an estimator F (6;)
of F(8;) can be infeasible as F(6;) is a high-dimensional matrix, which is possibly not invertible.
To resolve this issue, we estimate the natural policy gradient G(6;) - VgJ (g, ) by solving

i |F(0;) - a—7; - Vo (m,)]|2, (3.8)

where V.J (g, ) is defined in (3.7), 7; is the temperature parameter in 7y,, and B is the parameter
space. Meanwhile, F'(6) is an unbiased estimator of F'(6;) based on {(s¢, ar)}scp) sampled from

o;, which is defined as
B

2 B B T
T
Bl—l.z<¢6 S¢,Gy) Z (s, a; ><¢9 (0, a0) —E Z s],aj)) 7
=1 =

(3.9)
where ¢y, is defined in (3.3). The actor update of neural natural policy gradient takes the form of

F(0;) =

Tip1 = Ti+ 1 Tig1 - Oipr 7 - 0+ - argmin | F(6;) -« — 7, - VoJ(mg,) |2, (3.10)
a€eB

where we use an arbitrary minimizer of (3.8) if it is not unique. Note that we also update the
temperature parameter by 7,11 < 7; + 1, which ensures ;1 € B. It is worth mentioning that up
to minor modifications, our analysis allows for approximately solving (3.8), which is the common
practice of approximate second-order optimization (Martens and Grosse, 2015; Wu et al., 2017).

To summarize, at the i-th iteration, neural policy gradient obtains 0,1 via projected gradient ascent
using VyJ(my,) defined in (3.7). Meanwhile, neural natural policy gradient solves (3.8) and obtains
0;+1 according to (3.10).

3.2.2 CRriTIiC UPDATE

To obtain §9J (7p), it remains to obtain the critic Q,,, in (3.7). For any policy 7, Q™ is the unique
solution to the Bellman equation Q = 77 (Sutton and Barto, 2018). Here 7" is the Bellman
operator that takes the form of

T"Q(s,a) =E[(1—7) r(s,a) + Q(s',a)], V(s,a) € S x A,
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where s’ ~ P(-|s,a) and a’ ~ 7(-|s"). Correspondingly, we aim to solve the following optimiza-
tion problem

w; < argmin E, [(Qw(s, a) — T Q. (s, a))z}, (3.11)
weB

where ¢; and 77 are the stationary state-action distribution and the Bellman operator associated
with 7y, , respectively, and B3 is the parameter space. We adopt the neural temporal-difference learn-
ing (TD) algorithm studied in Cai et al. (2019), which solves the optimization problem in (3.11)
via stochastic semigradient descent (Sutton, 1988). Specifically, an iteration of neural TD takes the
form of

LU(t + 1/2) A W(t) —nNTD - (Qw(t) (Sa a) - 7”(5, CL) - VQw(t) (5/7 a/)) : VUJQw(t) (Sa a)7 (3.12)
w(t+1) + argmin |a — w(t + 1/2)]|2, (3.13)
aeB

where (s,a) ~ ¢;(+), 8’ ~ P(-|s,a), and a’ ~ 7 (-|s"). Here (3.12) is the stochastic semigradient
step, and (3.13) projects the parameter obtained by (3.12) back to the parameter space 3. Meanwhile,
the state-action pairs in (3.12) are sampled from the stationary state-action distribution ¢;, which is
achieved by sampling from the Markov chain induced by 7y, until it mixes. See Algorithm 2 in
8F for details. Finally, combining the actor updates and the critic update described in (3.6), (3.10),
and (3.11), respectively, we obtain neural policy gradient and natural policy gradient, which are
described in Algorithm 1.

Algorithm 1 Neural Policy Gradient Methods
Require: Number of iterations 7', number of TD iterations Trp, learning rate 7, learning rate of
TD iterations nTp, temperature parameters 7y, . . ., 77, batch size B.
1: Initialization: Initialize b, ~ Unif({—1,1}) and [Wipit],» ~ N(0, I4/d) for all r € [m]. Set
B« {O& S R™d . HOé — VVinitHQ < R} and 0, + Winit.
2: fori € [T] do
3:  Update w; using Algorithm 2 with 7y, as the input, w(0) < Winis and {b,}, [ as the
initialization, Trp as the number of iterations, and ntp as the learning rate. R
4: Sample {(s¢,ar)}erp) from the visitation measure o;, and estimate Vy.J(7g) and F'(6;)
using (3.7) and (3.9), respectively.
5:  If using policy gradient, update 6,1 by

0ip1 < p(0; +n- ﬁeJ(Wei))
If using natural policy gradient, update 6,1 and 741 by

Tiv1 < Ti+1,  Tig1-: 0i+1 — 71 0; + n- argnllgin ||ﬁ(92) Q=T §9J(7T9i)||2.
ac

a

end for
: Output: {ng }iE[T-‘rl] .

3

4 MAIN RESULTS

In this section, we establish the global optimality and convergence for neural policy gradient meth-
ods. Hereafter, we assume that the absolute value of the reward function r is upper bounded by an
absolute constant Q,.x > 0. As a result, we obtain from (2.1) and (2.2) that |V7 (s, a)| < Qmax»
Q™ (5,a)| < Qmax»> and |A™(s,a)| < 2Qmax for all 7 and (s,a) € S x A. In what follows, we
show that neural policy gradient converges to a stationary point of J(7y) with respect to € at a sub-
linear rate. We further characterize the geometry of J(7y) and establish the global optimality of the
obtained stationary point. We defer the global optimality and convergence of neural natural policy
gradient to §A.

In the sequel, we study the convergence of neural policy gradient, i.e., Algorithm 1 with (3.6) as
actor update, where G(0) = I,,4. In what follows, we lay out an assumption on the action-value
function Q™. Recall that we write = (s, a).
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Assumption 4.1 (Action-Value Function Class). We define
FRoo = {f(x) = fo(z) +/11{wTr >0}z (w)dp(w) : flo(w)]oe < R/\/E},

where 1: R? — R is the density function of the Gaussian distribution N (0, I;/d) and fo(-) =
f(-; Winit) is the neural network corresponding to the initial parameter Wi ;. We assume that
Q" € FR,oo forall 7.

Assumption 4.1 is a mild regularity condition on ™, as Fr o, captures a sufficiently general family
of functions, which constitute a subset of the reproducing kernel Hilbert space (RKHS) induced by
the random feature 1{w 'z > 0} - # with w ~ N(0, I;/d) (Rahimi and Recht, 2008; 2009) up to
the shift of fy. Similar assumptions are imposed in the analysis of batch reinforcement learning in
RKHS (Farahmand et al., 2016).

In what follows, we lay out a regularity condition on the state visitation measure v/, and the station-
ary state distribution o .

Assumption 4.2 (Regularity Condition on v, and g,). Let m and 7 be two arbitrary policies. We
assume that there exists an absolute constant ¢ > 0 such that

Exv. |1y (50 Su}] S e ufllyl Erp. [1{ly7(s,0) < u}| <couflyle, ¥y € R Va0,

Here the expectations are taken over the joint distributions 7(-|-) - v (-) and 7(-|-) - 0. () over
S x A, respectively.

Assumption 4.2 essentially imposes a regularity condition on the Markov transition kernel P of the
MDP as P determines v, and o, for all 7. Such a regularity condition holds if both v, and o, have
upper-bounded density functions for all 7.

After introducing these regularity conditions, we present the following proposition adapted from Cai
et al. (2019), which characterizes the global convergence of neural TD for critic update.

Proposition 4.3 (Convergence of Critic Update). We set nrp = min{(1 — +)/8,1/v/Trp} in
Algorithm 1. Let @),,, be the output of the i-th critic update in Line 3 of Algorithm 1, which is an
estimator of Q™% obtained by Algorithm 2 with Trrp iterations. Under Assumptions 4.1 and 4.2, it
holds for Trp = §(m) that

Eini [ Qu, — Q7 [I2] = O(R® - m™1/2 4+ B2 =11, @.0)
where ¢; is the stationary state-action distribution corresponding to mg,. Here the expectation is
taken over the random initialization.

Proof. See §F.1 for a detailed proof. O

Cai et al. (2019) show that the error of critic update consists of two parts, namely the approximation
error of neural networks and the algorithmic error of neural TD. The former decays as the width
m grows, while the latter decays as the number of neural TD iterations Tp in Algorithm 2 grows.
By setting Trp = £2(m), the algorithmic error in (4.1) of Proposition 4.3 is dominated by the
approximation error. In contrast with Cai et al. (2019), we obtain a more refined convergence char-
acterization under the more restrictive assumption that Q™ € Fg .. Specifically, such a restriction
allows us to obtain the upper bound of the mean squared error in (4.1) of Proposition 4.3.

It now remains to establish the global convergence of actor update, which involves the estimator
VoJ(mp,) of the policy gradient Vg.J (g, ) based on {(sy, ar) }eep). We introduce the following
regularity condition on the variance of Vg.J (7g,).

Assumption 4.4 (Variance Upper Bound). Recall that o; is the state-action visitation measure cor-
responding to 7y, forall i € [T]. Let§; = Vo J(mg,) — E[VgJ (p,)], where Vo J (7y,) is defined in
(3.7). We assume that there exists an absolute constant o¢ > 0 such that E[||&,]3] < 77 - ¢/ B for
all « € [T']. Here the expectations are taken over o; given 6; and w;.
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Assumption 4.4 is a mild regularity condition. Such a regularity condition holds if the Markov chain
that generates {(s¢, ar)}sc[p) mixes sufficiently fast and Q,,, (s,a) with (s,a) ~ o; have upper
bounded second moments for all ¢ € [T]. Zhang et al. (2019) verify that under certain regularity
conditions, similar unbiased policy gradient estimators have almost surely upper bounded norms,
which implies Assumption 4.4. Similar regularity conditions are also imposed in the analysis of
policy gradient methods by Xu et al. (2019a;b).

In what follows, we impose a regularity condition on the discrepancy between the state-action visi-
tation measure and the stationary state-action distribution corresponding to the same policy.

Assumption 4.5 (Regularity Condition on o; and ¢;). We assume that there exists an absolute con-

stant £ > (0 such that
do 244 1/2
{Egi {<dl(s,a)) ]} <k, VielT]. 4.2)
Si

Here do;/dg; is the Radon-Nikodym derivative of o; with respect to ;.

We highlight that if the MDP is initialized at the stationary distribution g;, the state-action visitation
measure o; is the same as ;. Meanwhile, if the induced Markov state-action chain mixes sufficiently
fast, such an assumption also holds. A similar regularity condition is imposed by Scherrer (2013),
which assumes that the L,-norm of do;/dg; is upper bounded, whereas we only assume that its
Ly-norm is upper bounded.

Meanwhile, we impose the following regularity condition on the smoothness of the expected total
reward J(7g) with respect to 6.

Assumption 4.6 (Lipschitz Continuous Policy Gradient). We assume that VyJ(7p) is L-Lipschitz
continuous with respect to 6, where L > 0 is an absolute constant.

Such an assumption holds when the transition probability P(- | s, a) and the reward function r are
both Lipschitz continuous with respect to their inputs (Pirotta et al., 2015). Also, Karimi et al.
(2019); Zhang et al. (2019); Xu et al. (2019b) verify the Lipschitz continuity of the policy gradient
under certain regularity conditions.

Note that we restrict 6 to the parameter space B. Here we call 0cBa stationary point of J(7p)

if it holds for all § € B that VyJ ()" (6 — 5) < 0. We now show that the sequence {6; }ic[r+1]
generated by neural policy gradient converges to a stationary point at a sublinear rate.

Theorem 4.7 (Convergence to Stationary Point). We set 7; = 1, n = 1/v/T, nrp = min{(1 —
v)/8,1/v/Trp}, Trp = Q(m), and B = {« : ||a — Wipit|]|2 < R} in Algorithm 1, where the actor
update is given in (3.6) with G(0) = I,,4. For all i € [T], we define

pi=n"" [Us(6: +n- VoI (mo,)) - 0:] € R™, *3)
where I15: R™¢ — B is the projection operator onto B C R™¢. Under the assumptions of Proposi-
tion 4.3 and Assumptions 4.4-4.6, for T > 4L? we have

minE[p3] < 8/VT - E[J(moy.,.) — I(x0,)] +802/B + o (T).

where « is defined in (4.2) of Assumption 4.2 and
&,Q(T) = K- O(R5/2 . m—1/4 . T1/2 _|_ R9/4 . m—l/S . T1/2).
Here the expectations are taken over all the randomness.

Proof. See §D.1 for a detailed proof. O

By Theorem 4.7 with m = Q(T® - R'8) and B = Q(VT), we obtain min;c(q E[|[p;[|3] =
O(1/V/T). Therefore, when the neural networks are sufficiently wide and the batch size B is suf-
ficiently large, neural policy gradient achieves a 1/ V/T-rate of convergence. Moreover, p; defined

in (4.3) is known as the gradient mapping at 0; (Nesterov, 2018). It is known that § € B is a sta-
tionary point if and only if the gradient mapping at 6 is a zero vector. Therefore, (a subsequence
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of) {0; }ie[r) converges to a stationary point 0 € B as min;e 71 E[]| p;[|3] converges to zero. In other

words, neural policy gradient converges to a stationary point at a 1/ V/T-rate. Also, we remark that
the projection operator in actor update is adopted only for the purpose of simplicity, which can be
removed with more refined analysis. Moreover, the projection-free version of neural policy gradient
converges to a stationary point at a similar sublinear rate. See §G for details.

We now characterize the global optimality of the obtained stationary point 9. To this end, we com-
pare the expected total reward of 75 with that of the global optimum 7* of J (7).

Theorem 4.8 (Global Optimality of Stationary Point). Let fcBbea stationary point of J(mg). It
holds that

(1=7)- (J(m*) = J(75)) < 2Qmax - inf [lug(-,-) — ép(, ) llo s
where Qnmax is the upper bound of |r| and uz: S x A — R is defined as

do-

dve« T
- - - - . 4.4
lon) = T 00) = G 6) 4 dglo) D, V(o) €Sx4 (44)
Here do+ /doy; and dvy« /dv,, are the Radon-Nikodym derivatives, and || - ||UW§ is the La(or,)-
norm.
Proof. See §D.2 for a detailed proof. O

To understand Theorem 4.8, we highlight that for 6, 0e B, the function ¢z (-, )78 is well approxi-
mated by the overparameterized neural network f((-,-); 6). See Corollary E.4 for details. Therefore,
the global optimality of 75 depends on the error of approximating uz with an overparameterized two-
layer neural network. Specifically, if ujz is well approximated by an overparameterized two-layer
neural network, then 7 is nearly as optimal as 7*. In the following corollary, we formally establish

a sufficient condition for any stationary point 6 to be globally optimal.

Theorem 4.9 (Global Optimality of Stationary Point). Let 9 € Bbea stationary point of J(my).
We assume that uz € Fr oo in Theorem 4.8. Under Assumption 4.2, it holds that

(1 - ’7) * Einit [J(Tr*) - J(’]Té\)] = O(R3/2 . m_1/4)_
More generally, without assuming u; € Fg, oo in Theorem 4.8, under Assumption 4.2, it holds that
(1=7) - Emit [J(7%) = J(mp)] = O(R*? - m™/*) + Binie [ 1z, o g — uaﬂowg].

Here the expectation is taken over the random initialization, and IIz, _ is the projection operator
onto Fr o, with respect to the Lg(oﬂg)—norm.

Proof. See §H.2 for a detailed proof. O

By Theorem 4.9, a stationary point gis globally optimal if uz € FR  and m — oo. Moreover,
following from the definition of p; in (4.3) of Theorem 4.7, we have that

Vod(mo,) T (0 —0;) < (2R + 21 Qmax) - |pill2, V0 € B. 4.5)
Since ||p;||2 = O implies that 6; is a stationary point, the right-hand side of (4.5) quantifies the

deviation of 6; from a stationary point f. See §H.3 for details. Following similar analysis to §D.2
and §H.2, if ug, € Fg o forall i € [T, we obtain that

(1=7) - min B[J(x") = J(m0,)] = O(RY?-m™"/") + (2R + 20 - Q) - min Ef[lpil].

Thus, by invoking Theorem 4.7, it holds for sufficiently large m and B that the expected total reward
J(mg,) converges to the global optimum J(7*) ata 1/T"/*-rate.

10
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A  NEURAL NATURAL POLICY GRADIENT

In the sequel, we study the convergence of neural natural policy gradient. As shown in Algorithm
1, neural natural policy gradient uses neural TD for policy evaluation and updates the actor using
(3.10), where 6; and 7; in (3.2) are both updated. To analyze critic update, we impose Assumptions
4.1 and 4.2, which guarantee that Theorem 4.3 holds. Meanwhile, to analyze actor update, we
impose the following regularity conditions.

In parallel to Assumption 4.4, we lay out the following regularity condition on the variance of the
estimators of the policy gradient and Fisher information matrix.

Assumption A.1 (Variance Upper Bound). Let B = {a € R™? : ||a — Winit|l2 < R}, where Wipis
is the initial parameter. We define

0; = (Ti41 - Oiy1 — 71 - 0;)/n = argmin ||ﬁ(9,) o —T; §9J(7r9i)
aeB

where V.J (,) and F'(6;) are defined in (3.7) and (3.9), respectively. With slight abuse of notation,
for all i € [T, we define the function &; : R™? — R™ as
&i(a) = F(0;) - a — ;- VoJ(mo,) — E[F(8;) - o — 7; - Vg (o,)].
We assume that there exists an absolute constant o¢ > 0 such that
E[l&: (03] < 7' -02/B, E[ll€(will3] < 7' 0f/B, VielT].
Here the expectations are taken over o; given 6; and w;.

2,

Next, we lay out a regularity condition on the visitation measures o;, v; and the stationary distribu-
tions ¢;, g;, respectively.

Assumption A.2 (Upper Bounded Concentrability Coefficient). We denote by v, and o, the state
and state-action visitation measures corresponding to the global optimum 7*. For all ¢ € [T, we
define the concentrability coefficients o, ¥;, ¢}, and 1)} as

ot — {Ea,-, [(da*/doi)Q]}l/Q’ i — {Ew [(du*/dui)z]}u%

B o | S o E P | (A1)

where do../do;, dv,/dy;, do/ds;, and dv, /dg; are the Radon-Nikodym derivatives. We assume
that the concentrability coefficients defined in (A.1) are uniformly upper bounded by an absolute
constant cg > 0.

The regularity condition on upper bounded concentrability coefficients is commonly imposed in the
reinforcement learning literature and is standard for theoretical analysis (Szepesvari and Munos,
2005; Munos and Szepesvari, 2008; Antos et al., 2008; Lazaric et al., 2016; Farahmand et al., 2010;
2016; Scherrer, 2013; Scherrer et al., 2015; Yang et al., 2019b; Chen and Jiang, 2019).

Finally, we introduce the following regularity condition on the initial parameter Wjy;; in Algorithm
1.

Assumption A.3 (Upper Bounded Moment at Random Initialization). Let ¢o(s,a) € R™? be the
feature mapping defined in (3.3) with # = Wj,;,. We assume that there exists an absolute constant
M > 0 such that
Einit|  sup | f((s,a); Winit) f2] = Einit [ sup  |do(s, @) Winge|*| < M2,
(s,a)eSxA (s,a)eSx.A
Here the expectations are taken over the random initialization.

Note that as m — oo, the initial neural network ¢g (s, a)TVVinit converges to a Gaussian process
indexed by (s,a) (Lee et al., 2018), which lies in a compact subset of R. It is known that un-
der certain regularity conditions, the maximum of a Gaussian process over a compact index set
is a sub-Gaussian random variable (van Handel, 2014). Therefore, the regularity condition that
max(s q) [¢0(s, @) " Winit| has a finite second moment is mild.
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‘We now establish the global optimality and rate of convergence of neural natural policy gradient.

Theorem A.4 (Global Optimality and Convergence). We set = 1/v/T, nrp = min{(1 —
v)/8,1/v/Trp}, Trp = Q(m), 7, = (i — 1) -n,and B = {a : || — Wiit]l2 < R} in Al-
gorithm 1, where the actor update is given in (3.10). Under the assumptions of Theorem 4.3 and
Assumptions A.1-A.3, we have

. . log | A| + 9R> + M !
E[J(7*) = J(m.)] < + '
R ) < TR YT

Here M is defined in Assumption A.3 and €;(T") satisfies

&(T) = V8co - RY? - (02/B)"/* + O(rig1 - R¥?* - m /4. TV2 4 RO/* o™ V8) ey,
~—~
(a) (b) c)
(A.3)

where ¢ is defined in Assumption A.2 and e ; = ¢ - O(R3/? - m~1/* 4 R%/* . m~1/%). Here the
expectation is taken over all the randomness.

&(T). (A2)

T
=1

Proof. See §D.3 for a detailed proof. O

As shown in (A.2) of Theorem A.4, the optimality gap min; e[ E[J(7*) —J (7, )] is upper bounded
by two terms. Intuitively, the first O(1/+v/T) term characterizes the convergence of neural natural
policy gradient as m, B — co. Meanwhile, the second term aggregates the errors incurred by both
actor update and critic update due to finite m and B. Specifically, in (A.3) of Theorem A.4, term
(a) corresponds to the estimation error of F'() and VyJ () due to the finite batch size B, which
vanishes as B — co. Term (b) corresponds to the incompatibility between the parameterizations of
the actor and critic. As introduced in §3.1, we use shared architecture and random initialization to
ensure approximately compatible function approximations. In particular, term (b) vanishes as m —
00. Meanwhile, term (c) corresponds to the policy evaluation error, i.e., the error of approximating
Q™ using (,,,. As shown in Theorem 4.3, such an error is sufficiently small when both m and
Trp are sufficiently large. To conclude, when m, B, and Trp are sufficiently large, the expected
total reward of (a subsequence of) {7y, }ic[r+1] obtained from the neural natural policy gradient

converges to the global optimum J(7*) at a 1/+/T-rate. Formally, we have the following corollary.

Corollary A.5 (Global Optimality and Convergence). Under the same assumptions of Theorem
A4, it holds for m = Q(R'Y? - T¢) and B = Q(R? - T? - 0’?) that

. . _ log |A|
’LIél[le}]E[J(TI' ) — J(me,)] = (9((1 ) ﬁ)

Here the expectation is taken over all the randomness.
Proof. See §H.4 for a detailed proof. O

Corollary A.5 establishes both the global optimality and rate of convergence of neural natural policy
gradient. Combining Theorem 4.7 and Corollary A.5, we conclude that when we use overparam-
eterized two-layer neural networks, both neural policy gradient and neural natural policy gradient
converge at 1/v/T-rates. In comparison, when m and B are sufficiently large, neural policy gra-
dient is only shown to converge to a stationary point under the additional regularity condition that
Vo J(mg) is Lipschitz continuous (Assumption 4.6). Moreover, by Theorem 4.8, the global optimal-
ity of such a stationary point hinges on the representation power of the overparameterized two-layer
neural network. In contrast, neural natural policy gradient is shown to attain the global optimum
when both m and B are sufficiently large without additional regularity conditions such as Assump-
tion 4.6, which reveals the benefit of incorporating more sophisticated optimization techniques to
reinforcement learning. A similar phenomenon is observed in the LQR setting (Fazel et al., 2018;
Malik et al., 2018; Tu and Recht, 2018), where natural policy gradient enjoys an improved rate of
convergence.
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In recent work, Liu et al. (2019) study the global optimality and rates of convergence of neural
proximal policy optimization (PPO) and trust region policy optimization (TRPO) (Schulman et al.,
2015; 2017). Although Liu et al. (2019) establish a similar 1/+/7-rate of convergence to the global
optimum, neural PPO is different from neural natural policy gradient, as it requires solving a sub-
problem of policy improvement in the functional space by fitting a neural network using multiple
stochastic gradient steps in the parameter space. In contrast, neural natural policy gradient only
requires a single stochastic natural gradient step in the parameter space, which makes the analysis
even more challenging.

B SHARED INITIALIZATION AND COMPATIBLE FUNCTION APPROXIMATION

Sutton et al. (2000) introduce the notion of compatible function approximations. Specifically, the
action-value function @, is compatible with 7y if we have VA, (s,a) = Vglogmg(a|s) for all
(s,a) € § x A, where A, (s,a) = Qu(s,a) — (Qu(s,-),me(-|s)) is the advantage function cor-
responding to @),,. Compatible function approximations enable us to construct unbiased estimators
of the policy gradient, which are essential for the optimality and convergence of policy gradient
methods (Konda and Tsitsiklis, 2000; Sutton et al., 2000; Kakade, 2002; Peters and Schaal, 2008;
Wagner, 2011; 2013).

To approximately obtain compatible function approximations when both the actor and critic are
represented by neural networks, we use a shared architecture between the action-value function ),
and the energy function of my, and initialize @), and 7y with the same parameter Wy,;;, where
[Winit)r ~ N(0,14/d) for all » € [m]. We show that in the overparameterized regime where m is
large, the shared architecture and random initialization ensures @, to be approximately compatible
with 7g in the following sense. We define ¢, = ([po]] ;- - -, [@o]),) T : RY — R™ as the centered
feature mapping corresponding to the initialization, which takes the form of

— b,
[¢0]T(57 a) = ﬁ : 1{(‘9’ a)T[VVinit]r > 0} ’ (87 Cl)
by
—E,, NG . ]l{(s,a/)T[I/Vinit],« >0} (s,d)|, V(s,a)eSxA, (B
where Wi, is the initialization shared by both the actor and critic, and we omit the dependency on
6 for notational simplicity. Similarly, we define for all (s, a) € S x A the following centered feature
mappings,
59(870’) = QS@(S,G,) _Eﬂe [QZS()(S,G/)L 5&)(570‘) = qbw(s,a) _Eﬂ'e [¢w(87a,)]‘ (B2)
Here ¢y (s, a) and ¢, (s, a) are the feature mappings defined in (3.3), which correspond to 6 and w,
respectively. By (3.1), we have

Au(s,a) = Qu(s,a) — En, [Qw(s,a’)] = $w(s7a)—rw, Veologmy(a|s) = ¢y(s,a), (B.3)
which holds almost everywhere for # € R™?, As shown 1 in Corollary E.3 in §E, when the width
m is sufficiently large, in policy gradient methods, both ¢, and ¢, are well approximated by ¢,

defined in (B.1). Therefore, by (B.3), we conclude that in the overparameterized regime with shared
architecture and random initialization, @, is approximately compatible with 7g.

C SAMPLING FROM VISITATION MEASURE

Recall that the policy gradient VyJ(7y) in (3.4) involves an expectation with respect to the state-
action visitation measure o,. Thus, to obtain an unbiased estimator of the policy gradient, we need
to sample from the visitation measure o,. To achieve such a goal, we introduce an artificial MDP
(S, A, 75, ¢,7,7). Such an MDP only differs from the original MDP in the Markov transition kernel

P, which is defined as
P(s'|s,a) =~ P(s'|s,a) + (1 =) - ((s), VY(s,a,5') €S x AXS. (C.1)
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Here P is the Markov transition kernel of the original MDP. That is, at each state transition of the
artificial MDP, the next state is sampled from the initial state distribution ¢(-) with probability 1 —~.
In other words, at each state transition, we restart the original MDP with probability 1 — . As
shown in Konda (2002), the stationary state distribution of the induced Markov chain is exactly
the state visitation measure v,. Therefore, when we sample a trajectory {(S;, A;)}1>0, where

So ~ C(-), Ay ~ 7(-|Sy), and Sy41 ~ P(-| Sy, Ay) for all t > 0, the marginal distribution of
(St, A¢) converges to the state-action visitation measure o, .

D PROOF OF MAIN RESULTS

In this section, we present the proofs of Theorems 4.7, 4.8, and A .4. Our proofs utilize the following
lemma, which establishes the one-point convexity of J(7) at the global optimum 7*. Such a lemma
is adapted from Kakade and Langford (2002).

Lemma D.1 (Performance Difference (Kakade and Langford, 2002)). It holds for all 7 that
J(@) = J(m) = (1 =) B, [(Q7(s,), 7 (- | 5) = 7(-]9))], (D.1)

where v, is the state visitation measure corresponding to 7.

Proof. Following from Lemma J.1, which is the Lemma 6.1 in Kakade and Langford (2002), it
holds for all 7 that
J(r*) = J(m) = (L =)' Eo [A7(s,a)], (D.2)
where o, is the state-action visitation measure corresponding to 7*, and A™ is the advantage function
associated with 7. By definition, we have o, (+,-) = 7*(- | -) - v« (+). Meanwhile, it holds for all s € S
that
B [Aﬂ(s’ a‘)] B [Qﬂ(s’ a‘)] - Vﬂ(s) = <Q7T(Sa ')7 77*(' | s)> - <Qﬂ(57 ')7 7T(' ‘ S)>

(Q7(s,),m"(-|s) —m(-]5)). (D.3)
Combining (D.2) and (D.3), we conclude that

J(m*) = J(m) = (1 =) -E, [(Q(s,), 7 (- | ) — 7 (-]9))],

which concludes the proof of Lemma D.1. O

D.1 PROOF OF THEOREM 4.7

Proof. We first lower bound the difference between the expected total rewards of my
Assumption 4.6, VgJ(mg) is L-Lipschitz continuous. Thus, it holds that

J(7T91.+1) - J(ﬂ-‘gi) >n- Ve'](ﬂ-ei)—réi - L/2 : ||9i+1 - ezllga (D.4)

where §; = (0,41 — 0;)/n. Recall that §; = @g)J(wei) — E[VgJ (g, )], where the expectation is
taken over o; given 6; and w;. It holds that

_ T _
Vo (mg,)" 6; = (VGJ(W&-) - E[VQJ(M,-)D 8 — & 6+ VeoJ(m,) " ;. (D.5)

On the right-hand side of (D.5), the first term represents the error of estimating Vy.J(my,) using
E[VoJ(me,)] = Eqy,[Vologme, (a]s) - Qu,(s,a)], the second term is related to the variance of the

estimator Vy.J(mg,) of the policy gradient VgJ (7, ), and the last term relates the increment §; of
actor update to Vg.J (g, ). In the following lemma, we establish a lower bound of the first term.

Lemma D.2. It holds that
N T
‘ (ve‘](ﬂei) - E[ve‘](ﬂ-ﬂ)]) 05| < 2k R/’? ’ ||Qﬂ-9i - Qwi

where V.J (mp, ) is defined in (3.7), ¢; is the stationary state-action distribution, and  is the absolute
constant defined in Assumption 4.5. Here the expectation is taken over o; given 6; and w;.

and mg,. By

i+1

Si)

Proof. See §H.5 for a detailed proof. O
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For the second term on the right-hand side of (D.5), we have

=& 6 > —||&l13/2 = 11615 /2. (D.6)
Now it remains to lower bound the third term on the right-hand side of (D.5). For notational sim-
plicity, we define

e; =041 — (91' +n- %J(ﬂ'gi)) = HB(Hi +n- %J(ﬂ'gi)) — (91‘ +n- @J(ﬂ'ai)),
where 113 is the projection operator onto 5. It then holds that

e; {HB (6; +n- ﬁJ(ng)) - x} =e] (0iy1 —2) <0, VaeB. (D.7)
Specifically, setting = = 6, in (D.7), we obtain that eiT d; < 0, which implies
Vig(me,) 6 = (6 —ei/n) T > (1612 (D.8)
By plugging Lemma D.2, (D.6), and (D.8) into (D.5), we obtain that
VoJ(me,) 6 > =26 - R/ - Q7% = Qu,lls; + [16:ll5/2 — [I€:]13/2- (D.9)

Thus, by plugging (D.9) and the definition that §; = (6,11 — 6;)/n into (D.4), we obtain for all
i € [T that

(1= L-n)-E[l|6:]3/2]
<0 E[ (o) = Im)] + 26 R/ E[1Q7 - Qul] +E[I&13/2). ©.10)
Now we turn to characterize ||p; — 0;||2. By the definition of p; in (4.3), we have
.

lpi = dilla = " - [T (6, 40 - VT (70,)) = 00 = (T (6, + - VT () = 0:)
< |IVeJ(mo,) — VoI (mo,)]2- (D.11)

= 77_1 . HHB(ai +n- VoJ(ng)) — HB(QZ' +n- ﬁeJ(ﬂgi)) H2
The following lemma further upper bounds the right-hand side of (D.11).
Lemma D.3. It holds for all ¢ € [T'] that
E[|VoJ (mo,) — Vo (mo,)|13] < 2E[|1&]I3] + 867 - E[|Q™ — Qu, |12 ].
Here the expectations are taken over all the randomness.

Proof. See §H.6 for a detailed proof. O

Recall that we set 7 = 1/+/T". Upon telescoping (D.10), it holds for 7' > 4L? that

T
minEflpill3] < /7> _E[lloill]

i=1
T

<1737 (2[1613] + 2E[lp: - 5:1])
i=1
T

<1/T-Y 41— L-n)-E[|5]3] + 2E|lp: — 53]
i=1

T
<8/VT -E[J(or,,) = I (m0,)] +8/T- D E[|&l5] +20(T),  (D.12)
i=1
where the third inequality follows from the fact that 1 — L - > 1/2, while the fourth inequality fol-
lows from (D.10), (D.11), and Lemma D.3. Here the expectations are taken over all the randomness,
and eg(T') is defined as

T T
eq(T) =165 R/VT - Y E[|Q™ — Qu,lls,] +165%/VT - > E[|Q™ — Qu,

i=1 i=1
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By Proposition 4.3, we have

E[|Q™ — Qu,|I2] = O(R® - m™/2 + R*/Z . =1/4).
Meanwhile, by Assumption 4.4, it holds for all i € [T that E[[|¢;[3/2] < o /B. By plugging the
upper bounds of E[[|Q™ — Q. ||2] and E[||&;]|3/2] into (D.12), we conclude that

min E[[jo[3] <8/VT-E[J(mo, ) = J(r9,)] + 802/ B+ £q(T),

where
eQT)=k- O(R5/2 o VAT R L 1/8 7).
Thus, we complete the proof of Theorem 4.7. O

D.2 PROOF OF THEOREM 4.8

Proof. Since fisa stationary point of J (), it holds that

Vo ()T (0 —8) <0, VoeB. (D.13)
Therefore, by Proposition 3.1, we obtain from (D.13) that
Vo (m5) (0 = 0) = B, _[d5(s,0)" (0 - 0)-Q"3(s,0)] <0, ¥OeB. (D.14)

Here ¢ and &5 are defined in (3.3) and (B.2) with = 5, respectively. Since it holds that
)~ | T — 7 . e -
1[4307r§ Wg(s, a) (0-0)-V 9(8)] =0,
Eo.. [Ex, [65(s,0)7(0 = 8)] - 475 (s,0)| =0,

where a’ ~ 75(- | s) and (s, a) ~ o, (-, ), we obtain from (D.14) that

Eo, [d5(s,a)" (0 — 0) - Q" (s,a)] = E,. [05(s,a)" (6 - f)- A" (s,a)] <0, V6 e B.

(D.15)
Meanwhile, by Lemma D.1 we have
(1 =) (J(@*) = I(m5)) = B, [(AT3 (s, ), 7" (- | 5) — m5(- | 5))]. (D.16)
In what follows, we write Ay = 6 — 0. Combining (D.14) and (D.16), we obtain that
(L—7) - (J(7*) = J(m5)) (D.17)

E,. [(A”é(s,-),w*(~|s — 75 ]
=E,, [(A"(s, ), 7" (-] 5) — m5(- | 5))] — uﬂ[ "o (s, ), dg(s,-) T A - (- | 8))],

S
where we use the fact that o (-, -) = 75(- | ) - v, (). It remains to upper bound the right-hand side
of (D.17). By calculation, it holds for all (s,a) € S x Athat

(*(a|s) — mz(al s))dvi(s) — ¢5(s,a) T Ag - m5(a| s)dvg(s)

_ <7T*(“ ';Zﬁ?“ . 3Z;<s> ~ d(s, ame) mg(als)dvg, ()

= (ug(s, a) — p5(s,a) " 0)dox, (s, a), (D.18)
where uj is defined as

[(ﬁe s,a)’ Ag - A”é(s,a)]

- di(s) + ¢5(s, a)T8, V(s,a) €S x A

dvz,

dO'Tr*

(s,a)

ug(s,a) = .
5
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Here do+/do,, and dv,«/dv,, are the Radon-Nikodym derivatives. By plugging (D.18) into
(D.17), we obtain that

(1=7) - (J(x*) = J(mp)) (D.19)
<E,, [<Aﬂ§(s7 ')7 W*(' I S) - 775(' | S)>] - Eu,rg RA‘N@(& ')7 ¢§(57 ')TAQ : 7T§(' | 3))]
= /S Z AT (s, a) - ((W*(a |s) — m5(als))dv.(s) — d5(s, a) Ay - mg(a| s)dug(s))

acA
= / AT (s,a) - (ug(s,a) — ¢§<S7G)TAo>d0’ﬂ-§(S, a)
SxA

< ||A7T§('ﬂ ')Hmrg : Huﬁ(W ) - ¢§('7 ')TGHmrg?
where the second equality follows from (D.18) and the last inequality is from the Cauchy-Schwartz

inequality. Note that |A™5(s, a)| < 2Qmax forall (s,a) € S x A. Therefore, it follows from (D.19)
that

(1 =) (J(@) = J(7p)) < 2Qumax - lug(-,-) = $5() " Olla, . VO €B. (D.20)
Finally, by taking the infimum of the right-hand side of (D.20) with respect to § € 3, we obtain that
(1=) (J(7") = J (7)) < 2Qmas - inf ug(-,) = 850, ) " Ollow
which concludes the proof of Theorem 4.8. O

D.3 PROOF OF THEOREM A .4

Proof. For notational simplicity, we write m; = mp, hereafter. In the following lemma, we charac-
terize the performance difference J(7*) — J(m;) based on Lemma D.1.
Lemma D.4. It holds that

(L=9)-n- (J(") = J(m)) = K, {DKL(W*(‘ [ $)[|i(-[8)) = De (7" (- 8)||misa (- | 5))

— D (misa (19)|mi(- )| = Hi,

where H; is defined as

H, = By, [(og(mi1(-|8)/mi( | 9)) =1+ Qui(s, )7 (- |5) = mi(-|9))]

(i)
+ 1B, [(Qui(s,7) = Q(s,), (- | ) — mi(-] 5))]
(i)
+Ey, [<10g(7r2-(- | 8)/mita (| S))ﬂTz‘H(' |'s) —mi(-| 8)>} . (D.21)
(iii)
Proof. See §H.7 for a detailed proof. O

Here H; defined in (D.21) of Lemma D.4 consists of three terms. Specifically, term (i) is related
to the error of estimating natural policy gradient using (3.8). Term (ii) is related to the error of
estimating Q™ using ,,,. Term (iii) is the remainder term. We upper bound these three terms in
§H.8. Combining these upper bounds, we obtain the following lemma.

Lemma D.5. Under Assumptions 4.2 and A.3, we have
E[|Hz-| By [ D (misa (- |9)||mi(-| s>)H <P (OR? + M)+ (9] + ) - equi + i

Here the expectation is taken over all the randomness. Meanwhile, ¢} and ), are the concentra-
bility coefficients defined in (A.1) of Assumption A.2, g ; = E[|Q™ — Qu,||¢,], M is defined in
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Assumption A.3, and ¢; is defined as

1/2
g =V2-RY2.n (g; + ;) -7, " (E[||€i(5i)\|2] +E[||€z‘(wi)||2])
+ O(1i41 - R? o™V - RO/ . V/8), (D-22)

Here &;(6;) and &;(w; ) are defined in Assumption A.1, where 6; = 01 - (1i41 - 011 — 7; - 0;), while

; and v; are the concentrability coefficients defined in (A.1) of Assumption A.2.
Proof. See §H.8 for a detailed proof. O

By Lemmas D.4 and D.5, we obtain that
(=) BTG = J(m)] <07 B[, [Dra (m.C 1)l 19) = De (. )msa1)]

+0-(OR? + M?) + 071 e+ (9 +40) - equ (D.23)
where eg ; = E[||Q™ — Qu,|lc;], M is defined in Assumption A.3, ¢; is defined in (D.22) of Lemma

D.5, and the expectations are taken over all the randomness. Recall that we set n = 1/ V'T. Upon
telescoping (D.23), we obtain that

IN

T
(1= ) i B ) = I(m)] < 72+ SOELI() - J(m)

I ) (1 ) ,
<+ (E[B [P 19l 19)] |+ om 4 007)
T
+%'Z(ﬁ~€i+(wé+w§)-€@i)7 (D.24)

i=1
where the expectations are taken over all the randomness and the last inequality follows from the
fact that

Dir (mi (-] 8)||mr41(-18)) =0, Vs€S, Voryy € R™
In what follows, we upper bound the right-hand side of (D.24). Note that we set 73 = 0. Following

from (3.2), it then holds that 7y (- | s) is uniform over A for all s € S and #; € R™?. Therefore, we
obtain that

Dxp (ma(- | 8)||m1(- | 5)) <log|A|, Vse€S, Vo € R™. (D.25)

Meanwhile, by Assumption A.1, we have

E[l€:(6:)l2] < {E[Eo, [0 13]] }1/2 <o B2,

where the expectation E,, [[|&;(8;)]|3] is taken over o; given 6; and w;, while the other expectations
are taken over all the randomness. A similar upper bound holds for E[||£;(w;)||2]. Therefore, by
plugging the upper bounds of E[||&;(c;)||2] and E[||&; (w;)]|2] into &; defined in (D.22) of Lemma
D.5, we obtain from Assumption A.2 that

VT -e; < \/8cy- RY?. ag/z BTV L O(1i4q - TY? - R¥2 .= Y4 4 R4 .= 1/8). (D.26)
Also, combining Assumption A.2 and Theorem 4.3, it holds that
(0 + 1) - eqi < 20 - E[JQ™ = Qull] = co- OB -m™* 4+ R4 m=/%). (D.27)
Finally, by plugging (D.25), (D.26), and (D.27) into (D.24) and setting
&(T) = VT - + (g + 1) - 2.
we complete the proof of Theorem A .4. O

E LINEARIZATION ERROR

In this section, we lay out a fundamental lemma that characterizes the distance between a two-layer
neural network gbgﬁ and its linearization ¢ 6, where ¢j is the feature mapping of the two-layer
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neural network defined in (3.3) and ¢ is the feature mapping corresponding to the initial parameter
Winit.

We first introduce a function class that consists of lineaizations of f(x; W) defined in (3.1). Recall
that we write z = (s, a).

Definition E.1 (Function Class). Let R > 0 be an absolute constant. For all m € N, we define
~ —~ 1 m
fgm:{ﬂawvzV%-Z}fﬂﬂwmﬂﬁ>oynmfmHW—W%m2<R}(ED
r=1

where [Winit]r ~ N(0,I;/d) and b, ~ Unif({—1,1}) are the initial parameters of the two-layer
neural network defined in (3.1).

Note that F, Rr,m in (E.1) is a class of functions that are linear in W but nonlinear in z. Meanwhile,
it holds that Vy f(x; W) = Vw f(x; W)|lw=w,,, forallz € § x A, where f(-; W) is defined
in (3.1). Thus, f(-; W) can be viewed as the linearization of f(-; W) at the initial parameter Wip;;.

~

Moreover, for a fixed R, the linearization error of f(-; W) decays to zero as the width m — oo.
Intuitively, since the norm ||[WW — Wip;t||2 is upper bounded by R, the differences between blocks
W], — [Winit)»||2 are sufficiently small for a sufficiently large m and all » € [m]. As a result, for
a sufficiently large m, we have 1{[Wiui], 2 > 0} = 1{[W],] = > 0} with high probability for all
r € [m], and thus f(x; W) is well approximated by its linearization f(a:, W).

The following lemma formally characterizes the corresponding linearization error.

Lemma E.2 (Linearization Error (Cai et al., 2019)). Let Wjy;; be the initial parameter of the two-
layer neural network defined in (3.1). Let B = {a € R™? : ||a — Winit||2 < R}. Under Assumption
4.2, it holds for all 6,0’ € B that

B [ 06(-.) 70 — g0, ) TO2] = O(R® - m~/2),
where the expectation is taken over the random initialization. Here ¢g, ¢o: S x A — R™ are the

feature mappings defined in (3.3) with parameter 6 and Wiy, respectively, and o (-, ) = (- | -)-v(")
is a distribution over S x A such that Assumption 4.2 holds.

Proof. Following from (3.3), it holds that
bo(s,a)T 0 — po(s,a)" 0’

. ﬁ (1) B > 0}~ 1{(5.0) Wi, > 0}) - (5.0) 0], (ED)

Meanwhile, for 1{(s,a) " [0], > 0} # 1{(s,a) " [Winit)» > 0}, we have

|(5,0) " Wil < [(5,0) " [0]; = (5,0) T [Winiele| < [I(s,@)ll2 - 1[0)r = Winieloll2,  (E3)
where the last inequality follows from the Cauchy-Schwartz inequality. Recall that ||(s,a)|2 < 1
for all (s,a) € S x A. Thus, it follows from (E.3) that

|ﬂ{(57a)T[9]r > 0} - 1{(57Q)T“}Vinit]r > 0}| < ﬂ{‘(Saa)T[Winit]r| < H[a]r - [V[/init]r||2}-
(E-4)

By plugging (E.4) into (E.2), we obtain that
|06 (s,a) "0 — do(s,a) 0| (ES)

m

- {I(s,@) T Wanielo| < 18] — Winielell2} - 1(5,0) T[]

r

<

Il
-

3= 5l
NE

ﬁ
I
=
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where the last inequality follows from the Cauchy-Schwartz inequality and the fact that ||(s, a)||2 <
1. Following from the fact that 1{|z| < y} - |2| < 1{]z| < y} - y, we obtain from (E.5) that

| (s, a)Ta’ — ¢o(s,a) 0| (E.6)

T Z]l{| 5 a mlt] ‘ < ||[9]r - [Winit]rH2} . (”[9]7‘ - [Winit]rH2 + H[eqr - [Winit]rH2)'

Therefore, fo]lowmg from the Cauchy-Schwartz inequality, we obtain from (E.6) that
[b0(s,0) 70" — o(s,a) 0"

> 1{I(s,@) T Wanielel < 1100 = Winielell2} - Y 2N0) = [Winielr 13 + 211(0'] — [Winiel+113)

r=1

<

IN

1 m
E ' Zﬂ{‘(87a)T[Winit]T| < H[a]r - D/Vinit]THQ} . 2(”9 Wlmt”Q + ||9/ mlt” )

r=1
(E.7)
where the first inequality follows from the fact that (z + y)? < 222 + 2y2. Recall that 6,0’ € B,
where B = {a € R™? : ||a — Wipit|l2 < R}. Thus, following from (E.7), we have

m

4R?
90(s,0) T — 00(5,0) 01> < == ST 1{1(5, )T Whalo| < 16 — Wi, o} (EB)
r=1
Following from Assumption 4.2, we obtain from (E.8) that

I¢a(-) "0 — o (-, ) TO'|1% = E, [|¢9(5 a)'' — ¢0(5 a)'0')?]
40}22 Z H ” - 1n1t] ||2’ (E.9)

1n1t HQ

where c is the absolute constant defined by Assumption 4.2. It now suffices to take the expectation
of the right-hand side of (E.9) over the random initialization. Following from the Cauchy-Schwartz
inequality, we obtain that

(i: 161, — lmt ||2> (Z — [Winit]» ||2>'<Zl/“[ Winit]» |2)

1n1t ||2

r=1
:HQ*WinitH% Zl/l\[ Winit]r ”2
r=1
<R Zl/ll[ Wit |13, (E.10)

r=1
where the last inequality follows from the fact that § € B. Therefore, combining (E.9) and (E.10),
we conclude that

Eanie 166 ) T8 — do(-, ) T0|2] < 4(;53 'Einit[(i L/ 1[Winit] ||2>1/2}

r=1

_ ek’ (met 1/[[Winie) |13 ])

= 401R3 . m_l/27
where the second inequality follows from the Jensen’s inequality and ¢ = ¢-Eyn0,1,/a)[1/]|2]|3)-
Thus, we complete the proof of Lemma E.2.

A

/2

Following from Lemma E.2, the linearization ¢ 6 converges to the two-layer neural network ¢(;r9
as the width m — oo. Based on Lemma E.2, the following corollary characterizes a similar conver-
gence where the feature mappings ¢g and ¢ are replaced by the centered feature mappings ¢, and
¢y defined in (B.1) and (B.2), respectively.
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Corollary E.3. Let W,,;; be the initial parameter and B = {a € R™? : || — Wipis||2 < R} be the
parameter space. Under Assumption 4.2, it holds for all 8,6 € 13 that

]Einit [”a@(a .)Tel - 50('7 )T9/||§:| = O(R3 : m_1/2)7
where the expectation is taken over the random initialization. Here @, and ¢, are the centered
feature mappings defined in (B.1) and (B.2), respectively, and o (-, -) = m(-|-) - v() is a distribution
over § X A such that Assumption 4.2 holds.

Proof. Following from the definitions of &0 and ¢, in (B.1) and (B.2), respectively, we obtain that
= = 2
160(++) 70" = bo(-s ) "Oll5 = (|60 ()"0 = bo () 0 = Bry G0 (-, 0") 10" = b0 (@) O],
< 2”¢9(7 .)Tal - ¢0('7 ')TQ/Hg + 2||¢9(7 ')Tel - ¢0('7 ')T9/|‘72rg~u7
where the second inequality follows from the Jensen’s inequality and the fact that ||z + y||3 <
2||x||3 + 2||y||3. Therefore, following from Assumption 4.2 and Lemma E.2, we obtain that

Einit[[|0(-,-) 6" — @0 () T0'][7]
< 2Binic[l|da () 10" = do () TO112] + 2Banis [[l b0 (-, ) "0 = do(,-) T2, ] = O(R® - m™1/?),
which concludes the proof of Corollary E.3. O

In what follows, we present a corollary that quantifies the difference between the function ¢;(-, S
and the two-layer neural network f((-,-);0) = ¢a(-,-) "0 by the Lo(c)-norm, where o(-,-) =
m(-]-) - () is a distribution over S x A such that Assumption 4.2 holds.

Corollary E4. Let B = {a € R™ : || — Winit||2 < R}. Under Assumption 4.2, it holds for all
0,0 € B that

Einit [[65(+-) 0 = do () "6lls] = O(RY?-m~1/4),
where the expectation is taken over the random initialization. Here ¢g: S x A — R™ is the feature

mapping with parameter 6, which is defined in (3.3), and o is a distribution over S x A such that
Assumption 4.2 holds.

Proof. By the triangle inequality, we have
]Einit [||¢§(7 )TG - ¢9('a ')T9||U]
S IEinit [“¢§(, )Ta - ¢0('a )THHO'} + Einit |:||¢(9(a )Te - ¢0('> '>T9H0'j|7 (El ])

where ¢ is the feature mapping defined in (3.3) with § = Wj,;;. Meanwhile, for all 4, hecB=
{a € R™ : ||a — Winit||2 < R}, it follows from Lemma E.2 that

Einit [[|65(»-) 0 = do(-,-) "6lls] = O(R¥? - m~1/4),
Einic [[|¢0(,) 70 — do () T0]|,] = O(RY? - m~=1/4), (E.12)

where the expectations are taken over the random initialization. Combining (E.11) and (E.12), we
obtain that

Einic [[| 65, ) 0 — da(-,) T0]|,] = O(R3/? - m=1/4),
which concludes the proof of Corollary E.4. O

Corollary E.4 implies that when the width m is sufficiently large, ¢(-, )T is well approximated
by the two-layer neural network f((+,);6) in Lo(0)-norm, where o (-, -) is the distribution such that
Assumption 4.2 holds.

F NEURAL TD

In this section, we introduce the details of neural TD (Cai et al., 2019) for critic update in Algorithm
1. Neural TD solves the optimization problem in (3.11) using the TD iterations defined in (3.12) and
(3.13), which is summarized in Algorithm 2.
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Algorithm 2 Neural TD (Cai et al., 2019)

Require: MDP (S, A, P, r,~), the policy 7, number of TD iterations Trrp, learning rate of TD
iterations nTp.
1: Inmitialization: Initialize b, ~ Unif({—1,1}) and [Winit)» ~ N(0,14/d). Set B + {«a €
Rmd : ||a — VVinit”Q < R} and OJ(O) — Winit-
fort=0,...,T7p —1do
Sample a tuple (s, a,r,s’,a’), where (s,a) ~ ¢;, s ~ P(-|s,a), r = r(s,a), and a’ ~
w(-]8"). Setx + (s,a) and 2’ + (¢, d’).

end for
Output: Qoui(-) + Qz(+)

4:  Compute the Bellman residue 6 + Q, () — (1 —7) -7 — - Q(z').
5:  Perform a TD update step: w(t + 1/2) <= w(t) =16 - ViuQup ().
6:  Perform a projection step: w(t + 1) < Ip(w(t + 1/2)).

7:  Perform an averaging step: W <+ ii—; W+ tJ%Q ~w(t+1).

8:

9:

The following theorem by Cai et al. (2019) characterizes the rate of convergence of Algorithm 2.

Theorem F.1 (Convergence of Neural TD (Cai et al., 2019)). We set nrp = min{(l —
v)/8,1/+/Trp} in Algorithm 2. Under Assumption 4.2, it holds that

Einit [”Qout - QWH?W] S 2Einit [”H]?RMQW - Qﬂ—H?ﬂ]
+O(R-Try? + R®-m™ 2 4 R2.m~ /%), (R

where Iz is the projection operator onto F r.m- and ¢, (+) is the stationary state-action distribu-
tion corresponding to .

Proof. See Proposition 4.7 in Cai et al. (2019) for a detailed proof. [

F.1 PROOF OF PROPOSITION 4.3

Proof. By Theorem F.1, to establish the rate of convergence of neural TD, it suffices to characterize

the approximation error Ei,;;[||TI Fr mQ” — Q”H?ﬂ] in (F.1). To this end, we first define a new

function class

_ —~ 1 U

FRm = {f(x, W)= ﬁ : Zbr : ]l{[VVinit];rm > 0} : Wr—rm Wy = Winitlrlleo < R/ v md},
r=1

where [Winit], ~ N(0,I4/d) and b, ~ Unif({—1,1}) are the initial parameters. By definition,

‘TRJTL is a subset of Fg ,, defined in Deﬁnitionj.l. The following lemma obtained from Rahimi
and Recht (2009) characterizes the deviation of F g ,, from Fpr o, given in Assumption 4.1.

Lemma F.2 (Projection Error of F g ,,, (Rahimi and Recht, 2009)). Let f(-) € Fr.o0, Where Fg oo
is defined in Assumption 4.1. For any § > 0, it holds with probability at least 1 — § that

Iz, f = flle < R-m™'2 - [L+ \/210g(1/5)], E2)

where ¢ is a distribution over S x A.
Proof. See Rahimi and Recht (2009) for a detailed proof. O

Following from (F.2) in Lemma F.2, for all f € Fr o andt > 0, we have
P(|lz,  f—flle=1t) <exp(=1/2-(t-v/m/R - 1)?). (F.3)
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Meanwhile, following from Assumption 4.1, we have Q™ € Fg . Therefore, by setting f = Q"
and ¢ = ¢, in (F.3), we obtain that

BTz, @" - @12 ] = [t F(lz, @7 - Q72 = )
g/Oot-exp(—1/2.(t-m/R—n?)dt:O(R?-m—l). (F.4)
0

Also, note that ?Rﬂn - F R,m» Where F R,m 1s defined in Definition E.1. Therefore, it follows from
(F.4) that
Ewit [0z, Q7 — Q7|2 ] < Ewit[|lz,, Q" - Q7I2] =O(R*-m™"). (£S5

Combining (F.5) and Theorem F.1, we obtain for nrp = min{(1 —v)/8,1/v/Trp} that

mlt[HQout _Qn” ] (R2 m-'+ R2. —1/2+R3 m~1/2 4 R5/2 ,m71/4). (F.6)
Finally, by setting Trp = 2(m) in (F.6), we obtain

Bini [[|Qu, — Q™ [12] = O(R® - m™/% 4 R¥/Z - m~1/%),

which concludes the proof of Proposition 4.3. O

G PROJECTION-FREE NEURAL POLICY GRADIENT

In this section, we study the global convergence of neural policy gradient where we do not impose
projection in actor update. In specific, the actor update of projection-free neural natural gradient
takes the form of

Oit1 < 0; +n - VoJ(m,).

Here Vg.J (mp,) is the estimator defined in (3.7). We summarize projection-free neural policy gradi-
ent in Algorithm 3.

Algorithm 3 Projection-Free Neural Policy Gradient

Require: Number of iterations 7', number of TD iterations 7rp, learning rate 7, learning rate of
TD iterations ntp, temperature parameters 71, . . ., 77, batch size B.
1: Initialization: Initialize b, ~ Unif({—1,1}) and [Winit], ~ N(0, I4/d) for all » € [m]. Set
B+ {a € R™ : |[a — Winit|l2 < R} and 0 <+ Wig.
fori € [T] do
Update w; using Algorithm 2 with 7y, as the input, w(0) < Winis and {by },¢[m as the
initialization, Trp as the number of iterations, and 7)p as the learning rate.
Sample {(s¢, a¢) }sc(p) from the visitation measure o;, and estimate Vo (mg) using (3.7).
Update ;41 by 041 < 0; + 7 - VQJ(ﬂ'gi).
end for
Output: {7y, }ic(r 1]

AR A

Similar to Theorem 4.7, in the following theorem, we show that the sequence {0; };c[r1) generated
by Algorithm 3 converges to a stationary point 6 with Vo J(75) = 0 at a sublinear rate.
Theorem G.1 (Convergence to Stationary Point). Let n = 1/ VT, 7, = 1, np = min{(1 —

v)/8,1/v/Trp}, and Trp = Q(m) in Algorithm 3. Under the assumptions of Theorem 4.3, As-
sumptions 4.4-4.6, and Assumption A.3, it holds for 7' > 4L? and B = Q(o¢ - T*/?) that

nelmE[vaJ(m) 3] <8/VT-E[J(mg,,,) — J(ma,)] +e

where
€= (Q(Tfl/Q +T-R3/2.;p1/4 +T~R9/4~m*1/8),

Here the expectations are taken over all the randomness.
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Proof. Our proof aligns closely to that of Theorem 4.7. We first lower bound the difference
J(mo,.,) — J(mo,). By Assumption 4.6, we have
J(mo,,,) — J(ma,) >1m-Vod(me,) 6 — L)2 - ||0is1 — 053 (G.1)
In what follows, we define
(51‘:(9i+1—9i)/?’]ZVQJ(7T9i), Vi € [T}
Following from the actor update in Algorithm 3, we have §; = §9J (mp,). Meanwhile, following
the proof of Lemma D.2 in §H.5, we obtain that

—~ T
‘(vg'](ﬂ-ei) - E[V@J(ﬂ'gi)]) 9i i+l — 91||2 Q™ — Qu; ||§1‘7 (G.2)

where the expectation E[@g J(mp,)] is taken over o; given 6; and w;. Recall that §; = @9 J(mg,) —
E[VyJ(me,)], where the expectation is taken over o; given 6; and w,. Following from (G.2), we
obtain

~ T ~
Vo (m,) 0 = (VoI (70,) ~ E[VaT (70,)]) 6 — & 6 + VoI (ma,)T;
> =26 0ie1 — Oill2/n - Q7" — Qulls, — 1ill3/2 — [1:]15/2, (G3)

where the second inequality follows from a similar argument to §D.1. Hence, by plugging (G.3) into
(G.1), we have

J(W9i+1) - J(ﬂ'ei)
> (= L-n*)/2-6:l3 = n-1&ll5/2 = 26 - 0ir1 = Oill2/n - Q7 — Qu, (G4
It remains to upper bound the distance ||6;+1 — 6;||2. To this end, we use the fact that ||0; 11 — ;]2 <

16; — Winitll2 + |6i+1 — Winit|| and upper bound the norms ||6; — Wipnit||2 and ||6;41 — Winit||2-
Following from the actor update in Algorithm 3, we obtain that

i+1)

Sit

16; — Wil <Zn 1967 (o,)ll2 < Zn ([E[Fo(mo)ll, + l&ill2),  (G5)

where the expectation E[VgJ (g, )] is taken over o; given 6; and w;. Meanwhile, it holds that
HE[VOJ 7T9 ]HQ - HEU; [¢0 (S a‘) QUJJ S, a ]HQ O’j [“59]_(8,@)“2'|ij(8,a)|]7 (G6)

where %j is the centered feature mapping defined in (B.2), and the last inequality follows from the
Jensen’s inequality. We now upper bound the right-hand side of (G.6). Note that ||$€j (s,a)lla <2
for all (s,a) € S x A. Meanwhile, for all (s,a) € S x A, we have
‘ij (37 a)‘ = |¢Wj (8’ a)ij‘ < ‘(bwj (37 a)ij - ¢0(8’ a)TVVinit| + ‘QSO(Sv a’)TWinit|7
< |lwj — Winitll2 + Mo < R + Mo, (G.7)
where ¢,,; and ¢ are the feature mappings defined in (3.3) with § = w; and 6 = Wy, respectively.
Here the second inequality follows from the 1-Lipschitz continuity of the two-layer neural network

f(a; W) with respect to the parameter W, and the last inequality follows from the fact that w; € B.
Meanwhile, W, is the initial parameter and M, is defined as

My= sup |¢o(s,a)  Winil.

(s,a)eSxA
By plugging (G.7) into (G.6), we obtain that
IE[Ved (m,)] |, < 2R + 2My, (G.8)
By further plugging (G.8) into (G.5), we obtain for all ¢ € [T + 1] that
i1
165 = Winicll2 < 20+ T - (R+ Mo) + - [1&]la- (G.9)
j=1
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We now lower bound the right-hand side of (G.4) based on (G.9). Following from the Cauchy-
Schwartz inequality, Assumption 4.4, and Assumption A.3, we obtain that

E[[16; — Winitll2 - [[Q™ — Qu, |l (G.10)

i—1

V0 (e} {Elem - ..

Jj=1

?1] }1/27

<27 (R+ {EDGY) {E[IQ™ - Qu,

1/2
< (27]-T' (R+ M)+ o¢ 'U'T'Bil/Q) ) {E[HQMI —sz”i]} )

where the expectation is taken over all the randomness, and o¢, M are the absolute constants defined
in Assumptions 4.4 and A.3, respectively. By plugging (G.10) into (G.4), we obtain that

(n—L-n*)/2-E[||6]]3] (G.11)

1/2
where we use the fact that ||6; 11 — 0;]|2 < ||0i+1 — Winit||2 + ||6; — Winit||2- Here the expectations
are taken over all the randomness, and R is defined as
Ro=4n-T-(R+ M)+20¢-n-T-B™Y2,
Following from Theorem 4.3 and Assumption 4.2, it holds for = 1//T, B = Qo¢ - T'/2), and
Trp = Q(m) that

Ry=O(R-VT), E[|Q™ —Q.,[2] = O(R> - m™/2 + R¥/?.m~1/4). (G.12)
By plugging (G.12) into (G.11) with n = 1/v/T and B = Q(o¢ - T*/?), we obtain that
(1—L/NT)/2-E[||6:13] < VT -E[J(r,.,) — J(m0,)] +e, (G.13)
where
e=O(T V24 R/2 .~ V4. T R4 .~V . ), (G.14)

It remains to upper bound ||&; — Vg.J (74, )||2. where 6; = V.J (g, ). Following from Lemma D.3,
we obtain that

e

Sil?

E[[[VoJ(m0,) — Vo (m0,)|[3] < 2E[[I&i][3] + 45° - E[|Q™* — Qu,
where the expectations are taken over all the randomness. Therefore, following from Proposition
4.3 and Assumption 4.4, it holds for = 1/v/T, B = Q(T"/?), and Trp = Q(m) that

E[|[VoJ (me,) — VoJ (m9,)|13] = O(0F - T7V2 + B> - m~V/2 4+ R¥? . n=1/4), (G.15)
Thus, combining (G.13) and (G.15), we obtain that
E[|[VoJ (mo,)lI3] < 2E[|15:l|3] + 2E[[| Vo T (ma,) — VoI (mo,) 3]
< 41— L/VT) -E[[6;13) + 2E[|| VoI (m0,) — VT (,)|3]
< 8VT -E[J(ma,,,) — J(m9,)] + ¢, (G.16)

where we use the fact that 7' > 4L? and we define € in (G.14). By telescoping (G.16), we obtain
that

T

D E[IVeJ(ms,)

i=1

3] < 8E [J(W9T+1) - J(7T91)] /\/T + €,

NI~

in E N2l <
min [IVoJ (70,)[I3] <

where
e=OT V2 L RS2 .~ V4. 7 L RY/A . q~ V8.,

Here the expectations are taken over all the randomness. Thus, we complete the proof of Theorem
G.1. O

Following from Theorem G.1, it holds for m = Q(R!® - T'2) that
min E([[Vo./ (s, 2] = 0(1/VT).
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Therefore, §; converges to a stationary point at a 1/ V/T-rate if the width m of the two-layer neural
network and the batch size B are sufficiently large. We highlight that comparing with neural policy
gradient with projection in actor update, Algorithm 3 needs a larger width m for the 1/+/T-rate
of convergence. Such an extra requirement on m corresponds to an extra price paid for having the
projection-free actor update.

G.1 GLOBAL OPTIMALITY OF STATIONARY POINT

In this section, we characterize the global optimality of a stationary point 8 such that
Vo () (0 —6) <0,  VOeR™,
Following from Theorem 4.8, we obtain that
(1= () = I(rg)) < 2umas- 0 ) = &) oy (G

We define R = 2 - |\§— Winit||2 and B = {a € R™ : ||a — Wiitll2 < E}, where Wi,y is the
initialization of parameters. It then holds that & € B. Moreover, following from (G.17) and the fact
that B C R™9, we obtain that

(1=7) (J(r") = J(75)) < 2Qumac - in fu(-,-) — d5(- ) 0llo.. (G.18)

Meanwhile, following from Corollary E.4, it holds that ¢5(-, -) " 6 is well approximated by f((-,-); 6)
for 0, b < B. Thus, following from (G.18), the suboptimality of 9 is characterized by the the
approximation error inf,_z [|ug(-,-) — f((-,-); 0) ||(,W§, which quantifies the representation power of
neural networks. In the following theorem, we present a sufficient condition for a stationary point to
be globally optimal.

Theorem G.2 (Global Optimality of Stationary Point). Let 0 be a stationary point of J(my). Let
R = 2|0 — Winit||2. It then holds for ug(s,a) € Fg  that
(1 =) Eawie [J(n7) = J(m5)] = O(RYZ - m~1/%),

where uj(s, a) is defined in (4.4) and the expectation is taken over the random initialization.

Proof. The proof aligns closely to that of Theorem 4.9. Recall that we define R=2. ||§ — Winitl2
and B = {a € R™ : ||a — Winit|]2 < ]Ai;}, where Wiy is the initial parameter. To prove Theorem
G.2, it suffices to upper bound the right-hand side of (G.18) under the expectation over the random
initialization. Following from the triangle inequality, we obtain that

inf |luz(-,-) — é2(-,) 0|0
int (.. = 0. 0l

] ~| . _— ~ ~( - . ~ ~( . _— ~[ . T
< Gnelg{”ug( »0) H}'ﬁ’mug( ) )Hﬂ,rg + HH]-'EMUQ( v ¢9( ) 9”0'7{3}

= llug() =z, uglsMlon; + Iz, usl:,-) = $5(, ) 0o, (G.19)
where F 7 m 18 defined in Definition E.1. It remains to upper bound the right-hand side of (G.19).
In what foilows, we define 6 IS E as
() O=T5 up() € Frp
where ¢ is the feature mapping defined in (3.3)’ with 8 = Wip;;. Following from (G.19) and the
fact that 0 € B, we have

i () = 50 Bl < ug,7) = o) Bl + 600 = 650 ) Pl
(G.20)
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Since ug; € F 7 o> f0llowing from the proof of Proposition 4.3 in §F.1, we obtain that
Einit [[lug( ) = 5() "0ls.. ]

/ ~
< B [Jug) — 05270121} = O -m72), G21)

where the first inequality follows from the Jensen’s inequality, and the expectations are taken over
the random initialization. Meanwhile, following from Lemma E.2, we obtain for all 8,6 € B that

Einit [/ ¢0(, ')Tg— o5(- -)Tg\lawg}

~ ~ 1/2 ~
< B [I60(-) T8 = 6, )02 ]} = O - =1/, (G22)
6
Finally, upon taking expectation in (G.20) over the random initialization and further plugging (G.21)
and (G.22) into (G.20), we conclude that

(1 - ’7) : Einit [J(’]T*) - J(ﬂ_é\)] S 2Qmax : IE:init [;2% Hué\(, ) - ¢§(, ')TaHgﬂg] = O(E3/2 . TYL71/4)7

where the first inequality follows from (G.18). Thus, we complete the proof of Theorem G.2. [

Following from Theorem G.2, any stationary point gis near-optimal if it holds that u; € F5 _ and
the width m is sufficiently large.

H PROOF OF AUXILIARY RESULTS

In this section, we lay out the proofs of the auxiliary results.

H.1 PROOF OF PROPOSITION 3.1

Proof. The proof is based on the policy gradient theorem (Sutton and Barto, 2018) in (2.5) and the
definition of Fisher information matrix in (2.7). It suffices to compute the gradient Vg log mg(- | -).
By the parameterization of 7y(- | -) in (3.2), it holds that

. Ywea VoS ((s:0'):0) -explr - f((s,0'):0)]
);0) — -
Laeacxp[r- f((s,a); 9)]
:T‘vﬁf((s,a);g) _T‘Errg [VGf((Sva)70)]v (Hl)
where we write Er,[Vof((s,a');0)] = Egon,(.15[Vof((s,a’);0)] for notational simplicity.
Meanwhile, recall that Vg f((s,a);0) = ¢g(s,a), where ¢y is the feature mapping defined in (3.3).
Thus, (H.1) implies that

Vologma(als) =7 ¢o(s,a) — 7 -Egp, [gbg(s, a')]. (H.2)
Finally, combining (2.5), (2.7), and (H.2), we have

VoJ (7) = 7+ Eo, [Q7 (s,0) - (0(s,a) -

Vologma(als) =71-Vof((s,a

Ex, [60(s.a >])],
2 / T

F(0) = 7° - Eo, [ (60(s,0) = Ea, [60(s,0)] ) (60(s,0) = Ex, [00(s,0)] ) |,

which concludes the proof of Proposition 3.1. O

H.2 PROOF OF THEOREM 4.9

Proof. By Theorem 4.8, we have

(1=9) (I") = T(75)) < 2Qumae - J0f Nigls) = 050 0oy ()
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where ug is defined in (4.4). It suffices to upper bound the right-hand side of (H.3) under the
expectation over the random initialization. Following from the triangle inequality, we obtain that

] ~( . — ~( . T
91161£ ||’LL0( 9 ) ¢0( 9 ) 6”(77(5
< int {luz(,) =Tz, gl )lo, + MMz, ugl) = 050, 0l }
= llug() =Tz, 5> ) lon, + inf [Tz, ug() = 650, ) 0l (H.4)

where F, R,m 18 defined in Definition E.1. It remains to upper bound the right-hand side of (H.4). In
what follows, we define 6 as

¢O('7 )ng H]?R‘mué\(.’ ) € fR,’mv
where ¢ is the feature mapping defined in (3.3) with § = W,,;;. By the definition of F R,m 1N

Definition E.1, it holds that § € B = {a € R™¢ : ||a — Wini|l2 < R}. Thus, by (H.4) and the fact
that 6 € BB, we have

] A~ - —_ o~ + - T
inf Jlug(-,-) = d5( ) Ollon,
< lug( ) = @0 ) Ollo, + o () "0 = d5( ) "Ollo, . (H.5)
Following from the proof of Proposition 4.3 in §F.1, it holds for uj € Fg « that
Einie [[ug(-,-) = ¢5(-) "0llo, ]

~ 1/2
< {Buie [lugl, ) = 650,012 ]} = O(R-m™2), (H.6)
where the first inequality follows from the Jensen’s inequality, and the expectations are taken over
the random initialization. Meanwhile, following from Lemma E.2, we obtain for all 8, § € B that

Einit [[|¢0(, )To— ?5(- -)Tg\lawé}

~ ~ /2
< {Einit “|¢0(7 )Te - ¢§(a )T9||2 ]}1 = O(R3/2 ' m_1/4)a (H.7)

O'7r§
where the expectations are taken over the random initialization. Finally, by plugging (H.6) and (H.7)
into (H.5), we obtain that

(1=9) Eunie[7(") = I (13)] < 2Qmax - Euni | inf [[ug(e,-) = 05, ) 0l | = O(R2-m1/%),

where the first inequality follows from (H.3). Meanwhile, if uz € Fg, oo is not imposed, similarly,
we conclude that

(1 — fy) . Einit [J(TF*) — J(Tl‘é\)] < O(R3/2 . m*1/4) + Einit [HH]:R,‘)C’LL§ — ’Ulé\”gﬂé],
which completes the proof of Theorem 4.9. O

H.3 PROOF OF INEQUALITY (4.5)

Proof. Recall that we define p; as

pi=n""" (HB(ei +1n- Vo (m,)) — 91‘)7 (H.8)
where Il is the projection operator onto B. Following from (H.8) and the fact that (TIgy —

y) " (llgy — ) < 0 for all z € B, we have
(n-pi—n-VoJ(ms,)) (n-pi+6;—0) <0, V6eB. (H.9)

Thus, following from (H.9), we obtain that

Vo (m0,) " (0 = 6:) < pl (0 —6:) =1+ |lpill3 + 1 pf Vo (ms,)

<llpillz - (10 = Oill2 +n - [[VoJ (0,)l2), V0 € B, (H.10)
where the last inequality follows from the Cauchy-Schwartz inequality and the fact that —n- || p;||3 <

0. It remains to upper bound the right-hand side of (H.10). For all §,6; € B = {a € R™? :
[l = Winit|]]2 < R}, we obtain that ||§ — ;]| < 2R. Meanwhile, recall that we set 7; = 1.
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Therefore, following from Proposition 3.1, we obtain that

Vo (mo,)l2 < Eo, [|Q (s, )| - |9, (s, a)ll2] < 2Qumax, (H.11)
where the first inequality follows from the Jensen’s inequality, and the second inequality follows
from the facts that |Q7 (s, a)| < Qumax and ||¢g, (s,a)|l2 < 2 forall (s,a) € S x A. By plugging
(H.11) and the upper bound || — ;|2 < 2R into (H.10), we conclude that

VoJ(me,) (6 —0;) < 2R+ 21 - Quax) - |pill2, VO € B,
which concludes the proof of (4.5). O

H.4 PROOF OF COROLLARY A.5

Proof. Tt suffices to calculate € (T) defined in (A.3) in Theorem A.4. Note that 7; = (i — 1)/v/T
leads to the fact that 7; = O(v/T) for all i € [T)]. Thus, it holds for m = Q(R'? - T) that

O(rip1 - TY? R32 .=V = O(R™Y-T7Y?), viel[T),

O(RYA . m~Y8) = o(T~1/?). (H.12)
Meanwhile, it holds for B = Q(R? - T2 . ag) that
RY?.(02/B)Y* = O(T71/?). (H.13)

Therefore, combining (H.12) and (H.13), we obtain that
&(T) = V8co - RY? - (03/B)"* + O((1 + 7iq1 - TY?) - R¥2 -~V 4+ RO/* .~ V/8) = O(T71/2).
Following from Theorem A.4, we obtain that

1 2+ M

min E[J(7*) — J(7,)]

i€[T] (I—7)- VT
1
=0 <0g|A> , (H.14)
(1=7)-VT
which concludes the proof of Corollary A.5. O

H.5 PROOF OF LEMMA D.2

Proof. In the sequel, we write g; = E[VJ(,)] for notational simplicity, where V.J(mg,) is
defined in (3.7), and the expectation is taken over o; given 6; and w;. Recall that we set 7; = 1. By
Proposition 3.1, we obtain that

- T
|(V9J(770i) - gi)T6i| = EO’i [¢9i(87 a) : (Qﬂgi (Sa a) - Qwi (57 @))] 51’
< [10ill2 - Ea, [l|o, (5, a)ll2 - 1Q™ (s, a) — Qu, (s, a)l], (H.15)

where $gi(s, a) is defined in (B.2) with # = 6, and the inequality follows from the Jensen’s in-
equality. Since both ¢; and 6;1, are in set B, we have |[0;||2 < 2R/n. Meanwhile, note that
l|pg,(s,a)|l2 < 2forall (s,a) €S x A. Therefore, it follows from Assumption 4.5 and (H.15) that

|(V9J(7r91‘) - gi)T6i| < 2R/77 : Ecﬂ: [ Q% (37 a) - Qwi (Sv a)”
<2r/n- (B [(dosfds?]) - 1Q7 — @,

<2kK- R/’I] : ||Qﬂ'ei - sz‘ S
where the second inequality follows from the Cauchy-Schwartz inequality, do;/dg; is the Radon-
Nikodym derivative, and « is defined in Assumption 4.5. Thus, we complete the proof of Lemma
D.2. O

Si
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H.6 PROOF OF LEMMA D.3

Proof. In what follows, we write g; = E[V.J (g, )] for notational simplicity, where the expectation
is taken over o; given 6; and w;. Note that

E[[|VoJ (m,) — Vo (m4,)[13] < 2E[||&]13] + 2E[[| Ve (ma,) — gill3] (H.16)

where we use the fact that ||z + y||3 < 2||z||2 + 2||y||3, while the expectations are taken over all the
randomness. Following from Proposition 3.1, we obtain that

1¥0(m0,) = gilla = [Ex. [0, (5, @) - (@7 (5, @) = Qui(s. @) ]|,
< o [[190,(,0) 12 - 107 (5,0) = Qu (s, @), (H.17)

where %i (s,a) is defined in (B.2) with = 6; and the second inequality follows from the Jensen’s
inequality. Since |[¢. (s, a)||2 < 2 forall (s,a) € S x A, we obtain from (H.17) that

_ 2
Vo (m0,) — gill3 < (E (I, (s;a)l2 - 1Q™ (s,a) — was,a)l])
<AR? Q™ — Qu 12, (H.18)

where « is defined in Assumption 4.5 and the inequality follows from the Cauchy-Schwartz inequal-
ity. Combining (H.16) and (H.18), we obtain that
o)

E[[|VoJ(mo,) — Vo (m5,)|3] < 2E[I&]13] + 857 - E[|Q™ — Qu,
which concludes the proof of Lemma D.3. O

H.7 PROOF OF LEMMA D .4

Proof. Following from the definition of the KL divergence, we have

Diew (7" (-19)|[7(-| )) = Dict (" - | 9)|[ i1 | 8)) = (log (mia (-] 8)/mi(- | 8)), 7" (-] 9)).
(H.19)

Meanwhile, the right-hand side of (H.19) can be expanded as follows,

(log(misa(-| )/m( | )) (] )>
= (log (i (| (-19),m = mipa(-]8)) + (log(misr (-] 9)/mi(- ), misa(-|5))
<10g(7rl+1 S)),ﬂ' —7T7;+1('|8)>+DKL(7T1'+1('|S)H’/T1'(' ‘S)) (H20)
L;

Combining (H.19) and (H.20), we obtain that
L; = Dk, (7r*( | s)Hm( | s)) — DkrL (7r*( | s)||7ri+1(~ | s)) — DkL (7ri+1(- | s)||7rl( | s)) (H.21)
In what follows, we compute the difference
E..[Li] =1 =) -n- (J(7") = J(m)).
Following from Lemma D.1, it holds that

J(?T*) - '](ﬂ-i) = (1 - 7)_1 ! EU* |:<62ﬂ-1 (Sa ')a 7‘-*(87 ) - 7Ti(8, )>] : (H.22)
Meanwhile, for L; defined in (H.20), we obtain that
—n-{Q (s,), 7" (s,-) = mi(s,)) (H.23)
= (log(mis1(-8)/mi(-]8)), mal- | 8) = miga (-

| U |5)> -n- <Qﬂi(57')77r*(sa') 77Ti(sa')>
= (log(mir1(-]8)/mi(-]8)) =1 Qu,(s,), ™+ s) — mi(- | 5))
+ 1 (Qui(s,) = Q™ (5,), 7" (| ) = mi(- | 9)) + (log(mira (| 5)/mi(-]5)), mi(- | 8) = mira(-|5)).
Note that upon taking the expectation over s ~ v, (-) in (H.23), the right-hand side of (H.23) equals
to H; defined in (D.21). Thus, combining (H.22) and (H.23), we obtain that

B, [Li] = (1 =7)-n- (J(z*) = J(m)) = Hi, (H.24)
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where H; is defined in (D.21). By plugging (H.21) into (H.24), we conclude that
(1 =7)-n- (J(") = J(m)) = E, [DKL (7 (-18)||mi(-[8)) = Dw (" (-] 8)||mira (-] 5))
— Dxr (misa (- [ 9)]|mi(- | 3))} - Hi,
which concludes the proof of Lemma D .4. O
H.8 PROOF OF LEMMA D.5

Proof. By (D.21), we have

E[H;[] <E {Ey* {<10g(7ri+1(. 1)/7i(-18)) =0 Quy(s,), 7 (-|8) — mi(-] s)>H (H.25)

+n-E[1EV*[

(@) = Q5.0 19) = - )]
+ E[Eu* [|<10g(7h'(' |8)/mixa(-]8)), mira(-]s) — mi(- |5)>}H,

where the inequality follows from the Jensen’s inequality, and the expectations are taken over all the
randomness. To prove Lemma D.5, we establish upper bounds of the three terms in the left-hand
side of (H.25) separately in the following lemmas.

Lemma H.1. It holds that
E[By. [1Qu,(5.) = Q7 (5,), 7 (-1 9) = mi(- | D] | < (6 + ) - E[IQu, — Q™ Il],

where ¢/, and v} are the concentrability coefficients defined in (A.1) of Assumption A.2. Here the
expectations are taken over all the randomness.

Proof. See §1.1 for a detailed proof. O
Lemma H.2. Under Assumptions 4.2 and A.3, it holds that

E[E.. [|(og(minn 1)/ (1), 19) = w9

< ]E[Ey* {DKL (i1 (-] 8)]|mi(-| 3))H + 1% (9R? + M?) 4+ O(7i41 - R¥? - m~ Y4,

where M is the absolute constant defined in Assumption A.3, and ¢y is the feature mapping defined
in (3.3) with 8 = W,,;;. Here the expectations are taken over all the randomness.

Proof. See §1.2 for a detailed proof. O
Lemma H.3. Under Assumption 4.2, it holds that

B[, [[(Gon(rins (1907 19) = - Qa0 1) = it 1)

<VB(pi+ ) me RV 77 (R[] + Blewnlz])

+ O(Tiy1 - R3/2 .~ 1/4 1 n- R5/4. m—1/8)7
where ; and 1); are the concentrability coefficients defined in (A.1) of Assumption A.2 and &;(6;),
&;(w;) are defined in Assumption A.1. Here the expectations are taken over all the randomness.

Proof. See §1.3 for a detailed proof. O

Finally, applying Lemmas H.1, H.2, and H.3 to (H.25), it holds under Assumptions 4.2 and A.3 that
B[ 171 - Bu. [Dra(reaC 1)l 19)] | <2 (67 247) 0 (6l 4 ) 2 +
(H.26)
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where

1/2 A
e = {B[I&0) 12 + 6 wlla] |+ Orisy - B2 m™ 4 - B4 om™1%), g = E[IQ™ - Quls].

Here the expectations are taken over all the randomness. Therefore, we complete the proof of
Lemma D.5. [

I PROOF OF SUPPORTING LEMMAS
In this section, we provide the proofs of the lemmas in §H.

1.1 PROOF OF LEMMA H.1

Proof. We define Ag ;(s,a) = Qu,(s,a) — Q™ (s, a). It holds that

E,- [[{Aq.i(s,-), 7*(-|8) — mi(- | 8))]] :/ > Aqils,a)- [7*(als) = mi(al s)]|dva(s)
S acA
(L1
Meanwhile, it holds for any s € S that

Z Ag.i(s,a)- [t*(a]s) — mi(a]s)] ‘
acA

= /GA Ag.i(s,a)- [W*(a |s) —mi(a| s)]/m(a | s)dm;(a|s)

< / ’AQJ'(S,CL) . [W*(a|s) —m(a\s)]/m(a|s)‘dm(a\s). 1.2)

acA

Combining (I.1) and (I.2), we obtain that
Ey- [[(Aq,i(s, ), 7 (- | s) — mi(-|9))]
< /5 A’AQJ-(S, a) - [W*(a |s) = mi(al s)]/m(a \ s)’d&(s,a), 1.3)

where we define 5 (-, ) = m;(+|-) - v« (+). Recall that ;(+,-) = m;(- | ) - 0i(-) and o4 (-, -) = 7*(- | -) -
v, (+). Therefore, following from (1.3), it holds that

E,-[[(Aqi(s, ), m* (- 8) = mi(- | $))]
d *
< / |Aq.i(s,a)|do. + / |Ag.i(s,a)| - dV (s) dsi(s,a). 14)
SxA SxA Oi
Finally, applying the Cauchy-Schwartz inequality to (I.4) yields that
E[E,. [[(Aqa(s,),7"(-|8) = (- | )]
1/2 1/2 1/2
< ({Ea [tdo/as)?)} T + {By, (v /aon®} ) - E[{E, [Aqals )2} ]
1/2
= (¢l + ) E[{Ea[lqi(s, )] } | = (i + v - E[lAqulle],
where do, /ds; and dv,/dg; are the Radon-Nikodym derivatives, 4,0; and 1/)14 are the concentrability

coefficients defined in Assumption A.2, and the expectations are taken over all the randomness.
Thus, we complete the proof of Lemma H.1. [

1.2 PROOF OF LEMMA H.2

Proof. In what follows, we denote the two-layer neural network f((s,a);d) defined in (3.1) by
fo(s, a) for notational simplicity. Following from the parameterization of 7y in (3.2), we obtain that

(log(mis1(-]8)/mi(-]8)),mi(- | 8) = mira (-] 5)) @.5)
= <Ti+1 : feiH(S, ) =i fo,(5,),mi(-|8) — mip1 (-] 3)> - <Ci(s)v7ri(' |s) = migp1(-| 5)>7
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where we define C;(s) by

Ci(s) = 10g<z exp(7i - fo, (s, a))> - log(z exp(Tit1 - fo,.: (5, a))).

acA acA
Note that both 7;(- | s) and ;11 (- | s) are distributions over A, which implies that
<CZ‘(S)77T1‘(-|8)—71'i+1(-‘8)>:Ci(S)—Ci(S):O, Vs e S. (16)

Meanwhile, recall that we define the feature mapping ¢g (s, a) in (3.3). For the two-layer neural
network fy(s,a) = f((s,a); ), it holds that

fo(s,a) = pg(s,a) "0, €7
In what follows, we write ¢;(s,a) = ¢g,(s,a) and A;(a|s) = m;(a|s) — mi+1(a]| s) for notational
simplicity. By plugging (I.7) and (1.6) into (I.5), we obtain that

|(log (misa (- 8)/mi(-[5)), Ail- | 8))| = [(Fig1 - dira(s, ) Oigr — 7i - ils,) 05, Ai(- | 5))|

(I.8)
< Upils,) T (Tigr - Oigr — 7i - 00), D (- | 9)) 4 Tigr - (@i (s,) "1 — dils, ) T0ip1, Ai(-] )]
< li(s, ) " (Tigr - Oigr = Ti - 00)lloona - [ Ai(- [ )14 + Tivr - [(Diga(s,) TOipr — dils, ) TOigr, Al ] 9))],
) (i)
where the last inequality follows from the Holder’s inequality. Here we denote by || - ||oo, 4 and

| ||1..4 the vector £o- and £5-norms defined on RIAI, respectively. In what follows, we upper bound
terms (i) and (ii) on the right-hand side of (I.8) separately.

Upper Bounding (i) in (I.8). Recall that we define
S =0t (Tig1 - 041 — 73 - 0;) = argmin ||ﬁ(9,) W T %J(m)i)ﬂg.

weB
Thus, it holds that §; € B and ||§; — Winit|]|]2 < R, where Wip;t is the initial parameter In what
follows, we denote by ¢ (s, a) the feature mapping defined in (3.3) with § = W,,;;. Then for all

(s,a) € § x A, we have
9i(s,a) T (Tis1 - Oipr — Ti - 0;)| = 0 - |$i(s,a) T 4]
<0+ (Ipo(s,a) Winis| + |¢i(s,a) "6 — ¢i(s,a) T0;] + |pi(s,a)T0; — ¢o(s,a) Winit|)
< (Mo + [|¢i(s,a)ll2 - 16; — Oilla + |¢(s,a) " 0; = Go(s,a) " Winie]), 1.9)
where the first inequality follows from the triangle inequality, the second inequality follows from
the Cauchy-Schwartz inequality, and M|, is defined as
My= sup  |do(s,a)” Winil. (1.10)
(s,a)eSx.A
In what follows, we upper bound the right-hand side of (I1.9). Note that 7,_1 + 1 = 7;. Therefore,
we obtain that
160; — Winigll2 < Ti1/Ti - [|0i=1 — Winigll2 +1/7i - [[6i—=1 — Winiell2, (L1D)
which holds for all ¢ > 1. Recursively, since 6y = Win, € Band §; € B for all ¢ € [T, it then
follows from (I.11) that §; € B for all ¢ € [T]. Thus it holds that ||§; — 0;||2 < 2R. Meanwhile,
following from (3.3), it holds for all § € R™< and (s,a) € S x A that ||¢g(s, a)||2 < 1. Therefore,
we obtain that

||¢i(s,a)||2 . ||(5Z — 9i||2 < 2R, V(s,a) eS x A 1.12)

It remains to upper bound |¢; (s, a) " 0; — ¢o(s,a) " Winic|, which is equal to | fo (s, a) — fw.... (s, a)|
by (I1.7). Recall that fy(s,a) is differentiable with respect to # € R™? almost everywhere, and the
gradient Vo fo = ([Vafol!,- -, [VQfg]T )—r is given by

Vo fola(s,a) = \bﬁ 1{(5,)T[0], > 0} - (s,0) = [dol (5,a), V(s,a) €S x A,
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where ¢ (s, a) is defined in (3.3). Since ||pg(s,a)||2 < 1forall § € R™ and (s,a) € S x A, we
obtain for all (s,a) € S x A that

9i(5,a) T 0; — do(s,a) Winit| = |fo, (5, @) — fwins, (5,0)| < esﬁpd Vo fo(s,a)ll2 - 1|0i — Winitl|2
cRm

< sup |¢a(s,a)llz - [|0; — Winitll2 < R, (113)
geRnLd

where the last inequality holds since 6; € B.
By plugging (I.12) and (I.13) into (I.9), we have
ITic1 - di(s,a) 041 — 7 - dils,a) " 6;] <n- (Mo + 3R), V(s,a) € S x A,
where M is defined in (I.10). Therefore, it holds for all s € S that
[Tis1 - i(s,)  Oigr — 7 - Bil5, ) Oiloo,a = sup |Tig1 - di(s,a) 051 — 73 - di(s,a) " 6;]
<n-(My+3R). (1.14)
Finally, by Pinsker’s inequality, it follows from (I.14) that
(s, ) T (Tig1 - i1 — 7 - 05)lloo,a < 18 (- | 8)[[1,4 — Dxw (i1 (- | 8)]|mi(- | 5))
<0+ (Mo +3R) - [|miga(-]8) = mi(- [ $)l1.a = 1/2- Imiga ([ 8) = mi(- [ )T 4. (L15)
By completing the squares, we further bound (I.15) by

i (s, ) T (Tir - Oupr — 7 - 0) oo, - (|86 (- | 8) 11,4 — Dir. (miga (| 8)|| (- | )
=—1/2 [|mixa(-s) = m(-|s) (Mo +3R)]” +1/2- 72 - (My + 3R)?
<1/2-n%- (Mo +3R)? <n?- (M2 +9R?), (1.16)

which holds for all s € S. Here the last inequality follows from the fact that (z + y)? < 222 + 2y%.

Upper Bounding (ii) in (I.8). It holds for all s € S that
{dit1(s, ) i+1 — @i(s, )T9i+1,Ai(' | )] 1.17)
< [ Bir1(s,)  Oipr — a5, ) Oipr, i+ | )]+ (i1 (s, ) i1 — @5, ) b1, g1 (- |9))]

<l pisa(s,) Oigr — dils, ) Oigallmn + [1digr(s, ) Oivr — di(s,)  Oigllmpr1s
where for any distribution @ € P(A), we denote by | - ||r, the Ly(m)-norm, ie. |[v|xp =
> gcam(a)- |v(a)|P]*/?. Following from Assumption 4.2 and Lemma E.2, it holds that

IE{IE,,* [llpira(s,) T Oirs — o(s, ')T9z‘+1||m,1ﬂ
<E[l¢i41() "0i1 — o) T0itillmin.] = O(RYZ - m~1%),
E[E,. [I6:(s,) 01 = G0(5:) Ois1lx,.]
<E[[l¢i(,) T ir1 — Go(s ) "Oitallmw.] = O(RYZ - m~H4), (1.18)

where the inequalities follow from the Cauchy-Schwartz inequality, and the expectations are taken
over all the randomness. Meanwhile, it holds that

dit1(5: ) 01 — hi(s,) " Oigr|lmin (1.19)
< i1 (s,-) "Oivr — do(s,) T Oigallma + l0i(s, ) "Oivr — do(s,-) " biga

Combining (I.18) and (I.19), we obtain that ™

E[E,. [[¢i1(5.) i1 = @15, ) O ]| = OBY2m™/4). @20
Similarly, it holds that

E[EV*“(]%JA(S,) i1 — bi(s, )70 H = O(R3? . m~1/4y, 121

where the expectation is taken over all the randomness. By plugging (I.20) and (I.21) into (1.17), we
obtain that

Tit1 - E[ [

(ig1(s,) Oig1 — (s, )" z+1,Ai('|8)>\HZO(Ti+1'R3/2'm_1/4)~ (1.22)
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Finally, by plugging (I.16) and (1.22) into (I.8), it holds under Assumptions 4.2 and A.3 that
BB, [Qog(riss( [ 5)/m 1), (1) — a9}

=" {E”* [Pt (i ] 5) | SDH 1 (9R? 4 M?) + O(rign - B3/ -~ YY),

where M is defined in Assumption A.3. Thus, we complete the proof of Lemma H.2. [

1.3 PROOF OF LEMMA H.3

Proof Note that Er, [¢s,(s,a’)] and Eﬂei [¢w; (s,a’)] depend solely on s € S, where we write
Erp. [00,(s,a")] = anne (-15)[®0, (5, a’)] for notational simplicity. Thus, we have

(E o, (B0, (s,a')T0; — By (s,0") Twi], m(-| 8) — mi(- | 8)) =0, Vs e S. (L.23)
Meanwhile, following from the parameterization of 7y in (3.2) and (1.6) in §1.2, we obtain that
<1og(7ri+1(- | s)/mi(- | 3)) =0 Qu, (8,), (- | 8) — mi(+] s)> 1.24)

= (Tig1 - G0, (8,°)  Oip1 — Ti - B, (5,) 0; — - by, (5,) Twi, mi (| 8) — mil- | ).
In what follows, we define Af(a|s) = m.(a|s) — m;(a]|s) for notational simplicity. Then, com-
bining (1.23), (I.24), and (I.26), we obtain that

(log(mis1 (| 8)/mi(-|5)) =0+ Qu,(s,), AT (] 5)) (125)
=1 {o,(5,") " 0i — du,(5,") Twi, AT (-
=1+ (g, (5,7) "0 — b, (5,) Twi, A (]

8)) 4 Tis1  (D0,.1(5,7) T Oip1 — o, (5,7) " Oiy1, AT(+] 5))
S)> + Tit1 - <¢9i+1 (Sa ) i+1 ¢9 (57 ) i+1, A*( ‘3)>3

(iii) (iv)
where d)(, and gb are the centered feature mappings defined in (B.2) and ¢; is defined as
61‘ = -1 (Ti+1 '0i+1 — T 9,) = argmln ||F( i)w — T VJ(W91)||2 (126)
weB

In what follows, we upper bound the expectation of (iii) and (iv) over the visitation measure v,
separately.

Upper Bounding (iii) in (I.25). It holds that
E.. [|{¢o,(s,0) "6 — @,,,(s.0) "wi, 7" (a| 5))]]

< / (3o, (5,0)T6; — By, (5, @) Twildo (s, a)
SxA

:/ |q§9 (s, a)T6 —@wi(s,a)—rwﬂ . ((110* (s,a)do;(s,a)
SxA

g5
< i+ [Igg, () "0 — b, (-5 ) Twillo,, (1.27)
where do, /do; is the Radon-Nikodym derivative, ¢; is defined in (A.1) of Assumption A.2, and the
last ineqlity follows from the Cauchy-Schwartz inequality. Similarly, it holds that

EV* [|<$9L (87 a’)Téi - gwi (57 a’)Twiv Wi(a | S)>|]
<[ a6 = s il ) v.(6)
SxA

_ _ dv,
[ o) = G (s, el - T (9)dor(s,0)
SxA dv;
< Wi+ 169, () 0 = 8, () Twillo, (1.28)
where dv, /dy; is the Radon-Nikodym derivative, v; is defined in (A.1) of Assumption A.2, and
the last inequality follows from the Cauchy-Schwartz inequality. Combining (I.27) and (1.28), we
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obtain that

Eo. [1{Ba,(5,) 76 = by, (5,-) Twi, AF( [ s))] < (i + i) - [l g, () T = i, () Twillo, -
(1.29)

It now suffices to upper bound the norm [|¢, (,-)"6; — &, (-, ) "wi|l»,. With a slight abuse of
notation, we write ¢y, = ¢y, (-, -) and ¢,,, = ¢, (-, -) hereafter for notational simplicity. Note that

10,7 6: — B willo, = VEo [Bo, 6 — B, wi) Bo, 6 — B

' )] (1.30)

— T — T — — — —
< \/‘(51 —w;)TEq, [¢g, - (D9, 6i — b, wi)]|+ \/]E(, [(w g, —w 0,,) (6] ¢y, —wi &,,)] -
(iii.a) (iii.b)
We now upper bound the expectations of the right-hand side of (I.30) over all the randomness.

Upper Bounding (iii.a) in (I.30). Note that w; € B and §; € B, where J; is defined in (1.26) and
B={acR™ :|a— Wiyills < R}. Therefore, we obtain that

|2 < 2R. (L31)

Meanwhile, following from Proposition 3.1 and (3.7), it holds that
~ - = T ~ - = 7T
Eo,[F(0:)] = F(0:) =77 - Eo,[09,%0, |, Eo,[VoJ(m0,)] = 7i - Eoi[Pg, b0, wil,  (132)
where E,, is taken over o; given 6;. In what follows, we write g; = E,, [ﬁJ (g, )] for notational
simplicity, where [E,, is taken over o; given 6;. By plugging (1.31) and (1.32) into (iii.a) in (1.30),
we obtain that

‘(51' —wi)"E,, {(%i : (%dei —%iTwi))] ‘ =772 (6 —wi) T (F(6:) -6 — 7 - g1)|
<2R-77 2 ||F(0;) -6 —Tigill,,  (133)

where the last inequality follows from the Cauchy-Schwartz inequality and (I.31). Following from
(I.33), we obtain that

E[ (16 = wi) TEs, [Go, (@, 0 — s, w1)] |)1/2} < Ci-E[(|[F0:) 8~ - ] HQ)M}
<G «E{(Hﬁ(&i) +8; =75 - Vo (w02 + H&(&-)Hz)”ﬂ

< Ci- {E[IF(6:) - 6 = 73 - VoI (mo,)ll2] + E[Ig:(60)I12] }
where the expectations are taken over all the randomness. Here the last inequality follows from the
Jensen’s inequality, C; = V2R - 7, *, and &;(0;) is defined as
In what follows, we upper bound the term ||F\(91) T ﬁgJ (7,)||2 in the right-hand side of
(I.34). Recall that we define d; as

(5,‘ = ’17_1 . (Ti+1 . 9i+1 — T 91) = aI‘gH}j’il’l ||F\(91) cWip — Tt ﬁgt](ﬂ'ei)ng. (136)
we

Therefore, since w; € B, we obtain from (1.36) that
|F(6:) - 6; — i - Vo d (mp,) |2 < || F(6:) - wi — 73 - Vo (m5,) |2
< E(0:) - wi — 73 - gill2 + |€iwi) 2, (L37)
where recall that, similar to (I.35), we define the error term &; (w;) as follows,
Eilwi) = F(6:) - wi — 75 J(mo,) = (F(6:) - wi = 7i - 1)- (138)

l|wi — 6

1/2
k)

(1.34)

By plugging (1.37) into (I.34), we obtain that
_ _ 1/2
]E[(|(5i —w;) "Eq, (@, (CbeiT(;i - ¢wiTwz‘)] |) }

< G- (B[IF(6) - wi— i Vo (mo) 2] + B[] + E[l6 @ lo]) . a39)
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where C; = V2R - 7'[1 and &;(0;), & (w;) are defined in (I1.35) and (I.38), respectively. To upper
bound the right-hand side of (1.39), it now suffices to upper bound the expectation E[||F'(6;) - §; —
7; - VodJ (g, )||2]- By (1.32), we obtain that

1F(0;) - wi — 73 - gilla = 77 - || Eo, [ g, - (G0, — 85,) Twil ||, (1.40)

< Ti - Eq, [H(/ja,i : ( a,i - (bwi) Wz‘||2] = Ti Ko, [||$e,i”2 : |($9i —%)Twil]-

where the inequality follows from the Jensen’s inequality. In what follows, we upper bound the
right-hand side of (I.40). Note that ||¢y. (s, a)|l2 < 2 forall (s,a) € S x A. By furthe plugging into
(I1.40), we obtain that

1F(6:) - wi = 7i - gilla < 277 - Bo, [[(Bg, — b)) Twil] <277 - [[(dg, = b)) "willos  (L41)
where the last inequality follows from the Jensen’s inequality. Recall that w;,0; € B. Therefore,
following from Assumption 4.2 and Corollary E.3, it further holds that

E[|l(%6, = ¢u) "willo] (142)
< E[[(do, = Po) "willo:] + E[ll(Fo — ;) Twillo] = O(RY?-m~1/4),

where the expectations are taken over all the randomness. Combining (I.41) and (1.42), we obtain
that

E[||F(6;) - wi — 7i - gill2] = O@2r7 - R¥?-m~ /%), (L43)
where the expectation is taken over all the randomness. Finally, by plugging (1.43) into (1.39), we
conclude that

E[(‘(@ —w;) " Eq, [dy, (%ﬁ& - @,jwi)] ‘)1/2}
< G- (E[IF (0 -ws — 70~ gul] + E[leiwlla] +E[I&6) 1))

1/2
= O m ™)+ VER 77 (B[ll6 (0] + &(wlz]) (1.44)
where C; = V2R - 7'[1 and &;(9;), & (w;) are as defined in Assumption A.1.

Upper Bounding (iii.b) in (I.30). Following from the Cauchy-Schwartz inequality, it holds that

- - - - - = = - 1/2
\/]Em (W] s, — w0l B0, ) (67 Bo, — ] B)] < (I o, — @i B, llow - 167 Bo, — wi B llo) /.
(145)
To upper bound the right-hand side of (I.45), we first upper bound the term [|w,” ¢y, — w,' &, [|&
Recall that w;, 6; € B. Following from Assumption 4.2 and Corollary E.3, it holds that
E[llw do, —wi dollo.] = ORZ-m™/), E[|w] 6, —wi dollo.] = OR?-m™'/%),
(1.46)

where 50 is defined in (B.1) and the expectations are taken over all the randomness. Therefore,
following from (I.46), we obtain that

E[|lws g, — w;' b, llo:] (147)

< E[”wz—r$91 _W;rgo O'i] +E[sz—r6wl _w;rao G'i] = O(R3/2 ! m_1/4)'

It remains to upper bound the term ||, ¢y, — w;' @,,, ||, in the right-hand side of (1.45). Since
0; € B, by Assumption 4.2 and Corollary E.3, we obtain that

E[|[6; @9, — 6] bollo;] = O(RP?-m~4), (1.48)
where the expectation is taken over all the randomness. Meanwhile, following from the fact that
ldo(s,a)|l2 < 2forall (s,a) €S x A, we obtain that

16/ do(s,a) — w @o(s,a)| < [[@o(s,a)l2 - |6; —will2 AR, V(s,a) € S x A, Winix € R™™,
(1.49)
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where the first inequality follows from the Cauchy-Schwartz inequality and the second inequality
follows from the fact that §;, w; € B. Combining (1.46), (1.48), and (1.49), we obtain that

E[116] éo, = wi' 6w, llo.] <E[lI0] 6y, — 67 Gollor ] +E[115] bg — w" doll.]
+E[lw 6., —w/ dollo.] = O(R), (1.50)
where the expectation is taken over all the randomness. Finally, plugging (I.47) and (I1.50) into
(I1.45), we obtain that

_ _ _ _ 1/2
{Bo. (@] 8, =] 00,)(0] 9, — I 3,)]} = O(RY*-m=1/%), (L51)
which concludes the upper bound of (iii.b) in (1.30).

Finally, by plugging (1.44), (I1.51), and (I.30) into (1.29), we obtain that
E[By. [1(Go,(5,7) 6 = B, (5,) Teois AL (| )]

= ot ) [ m ) £ VIR -7 (B[l + el ] as)

where &;(6;) and &;(w;) are defined in Assumption A.1. Here the expectations are taken over all the
randomness.

Upper Bounding (iv) in (I.25). The bounding of the term (iv) is similar to that of the term (ii) in
§H.8. It holds that

[{D6,41 (5,7) " Oir1 — o, (5,7) T0ir1, AT (-] 9))] (L53)
< (0,01 (5:) Tisr — o, (5,7) O, 7 (- | )] + [P0,y () T0i1 — o, (5, ) Tbigr, mil- [ 9))]
< ¢, (5,7) T Oi1 — do,(s,) "0 1 (55) T 051 — o, (5,) T0iga

Note that 0;, 60,1 € B. Following from Assumption 4.2 and Lemma E.2, it holds that

BB, [0 (5, 0121 — (s Bl
< E[I¢0,01 () i = do(,) TOisa]lo.] = O(RY?-m~ 1Y),
B[Ey. (60, (5,) i1 — 00(5,) b1l ]|

< E[||po, (+) "0ix1 — ¢o(,) iz lo] = O(R¥? .m~1/%), (L.54)
where the inequalities follow from the Jensen’s inequality, ¢ is the feature mapping defined in (3.3)

with & = Wiyit, and the expectations are taken over all the randomness. Following from (1.54), we
obtain that

‘ﬂ'i,l'

E[Ey. [I160,..(5,) 01 = b0, (5,) 01l
<E[B,. 60, (5,) 01— Go(5,) Ozt llwe 1] | + BBy [0, (5,) 0rs1 = do(5,) O[]
=O(RY? m~1/*), (155)
where the expectations are taken over all the randomness. Similarly, it holds that
E[E,. 90, (5:) 01 = 60,(5:) Oisallmya] | = ORY2-m=%), @56)
By plugging (1.55) and (I.56) into (I.53), we obtain that
E{Eu* [[{ba,,,(s,) T 0i1 — ¢, (5,-) " Oir, AF(-| 5)>|” = O(R*?.m~ /%), (L.57)

which concludes the upper bound of (iv) in (1.25).
Finally, by plugging (1.52) and (I.57) into (I1.25), we obtain that

E[EV* [[(log(mip1(-]8)/mi(-]8)) =0 Quy (s, ), mu(-| 8) — mil-| s)>|ﬂ (1.58)

1/2
< Vit i) - BY2r7 - (E[IG(0)1a] + B[l 2] )
+ O(7i41 - R? o™V 4 RO = V/8),
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where ¢;, 1); are defined in Assumption A.2 and &;(6;), &;(w;) are defined in Assumption A.1. Thus,
we complete the proof of Lemma H.3. O

J  AUXILLIARY LEMMA

Lemma J.1 (Performance Difference (Kakade and Langford, 2002)). It holds for any 7 and 7 that
J(%) - J(’/T) = (1 - 7)71 : E%-V;r [Aﬂ-(sa (1)] .

Here vx(+) is the state visitation measure corresponding to 7, which is defined in (2.3).

Proof. See Kakade and Langford (2002) for a detailed proof. O
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